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Lecture 9

Frequency response.
Classification of basic automatic systems.
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Transfer function

Linear time-invariant SISO system for continous-time
input signal x(t) and output y(t) in a form

Tran§fer H(s)= Y (s)
function

Y (s) - Laplace'a transform of an output

X (s) - Laplace'a transform of an input
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Input and output

time domain

x(t) o h(t)  |——y(t)=h(t)*x(t)
A
cl ] c | s
\/ \/
X(s) > H(s) |——»Y(s)=H(s)X(s)

complex domain
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Transfer function & frequency response

Transfer function Full system description

(Laplace domain) (for every possible input)
H(s)
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Transfer function & frequency response

sin (w¢) > H(s) > 7
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Transfer function & frequency response

LTI SISO in

steady state — > ASin(oot+cp)

sin(wt) >
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Transfer function & frequency response

Transfer function Full system description
(Laplace domain) (for every possible input)
H(s)
S=jw
A

Frquuencydrequnse Description of a system In
(Fourier domain) steady state with harmonic

H(jo) Input
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Transfer function — frequency response

input: x(t)zsin(oot) transfer function: H(s) output: y(t)ZAsin((x)t+cp)
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)
harmonic excitation

Steady state!!!
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input:

Transfer function — frequency response

x(t)=sin(wt)

transfer function: H (s)

output: y(t)=Asin(wt+q)
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Transfer function — frequency response
input: X(t)zsin(oot) transfer function: H(s) output: y(t):ASin(mt+cp)

S=jw

H(s) "~ H(jo)=P(w)+jQ(w)
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Transfer function — frequency response
input: X(t)zsin(oot) transfer function: H(s) output: y(t):ASin(mt+cp)

S=jw

H(s) "~ H(jo)=P(w)+jQ(w)

o, ( oo) R Nyquist plot
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Transfer function — frequency response
input: X(t)zsin(oot) transfer function: H(s) output: y(t):ASin(mt+cp)

S=jw

H(s) "~ H(jo)=P(w)+jQ(w)

o, ( oo) R Nyquist plot
=00 =0
P(w)
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Transfer function — frequency response
input: X(t)zsin(oot) transfer function: H(s) output: y(t):ASin(mt+cp)

S=jw

H(s) "~ H(jo)=P(w)+jQ(w)

Alo)=|H(jo)=VP*(0)+Q*(v) O(w)y  Dauistolo
(=00 w=0
P(o)
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Transfer function — frequency response
input: X(t)zsin(oot) transfer function: H(s) output: y(t):ASin(mt+cp)

S=jw

H(s) "~ H(jo)=P(w)+jQ(w)

Alo)=|H(jo)=VP*(0)+Q*(v) O(w)y  Dauistolo
CP((D)=ArgH(joo):arctan% . L
(o)
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Transfer function — frequency response
input: x(t):sin(oot) transfer function: H(s) output: y(t):®sin(mt+cp)

S=jw

H(s) "~ H(jo)=P(w)+jQ(w)

@ H(jo)l=VP*(0)+Q(v) Olw)  Mvauistplot
GAIN
Q

cp(m):ArgH(jm):arctanE
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Transfer function — frequency response

input: x(t):sin(mt) transfer function: H(s) output: y(t):®sin(mt+@)

S](D

H(jw)=P(w)+jQ(w)

‘:lH ](0 | \/P +Q Q((D) N Nyquist plot
ArgH(jm):arctanQ
P 0

DELAY w=® W=
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)

Bode Plot
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)

Bode Plot
gain (magnitude) plot phase (phase shift) plot
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)

Bode Plot
gain (magnitude) plot phase (phase shift) plot

w [rad/s]

L(o) [dB]

L(w)=20log A(w)
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)

Bode Plot
gain (magnitude) plot phase (phase shift) plot

w [rad/s]

L(o) [dB]

L(w)=20log A(w)
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)

Bode Plot
gain (magnitude) plot phase (phase shift) plot
o 4 w [rad/s] T | w [rad/s]
E > E >
o

L(w)=20log A(w)
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)

Bode Plot
gain (magnitude) plot phase (phase shift) plot
o 4 w [rad/s] T | w [rad/s]
E > E >
o

W

L(w)=20log A(w)
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Transfer function — frequency response

input: x(t)zsin((x)t) transfer function: H(s) output: y(t)ZASin((x)t"'CP)

Nichols Plot 4 L(w) [dB]

cp(oo) [rad]
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Transfer function — frequency response

A (gain) 20logA [dB]
1000 60
100 40
10 20
1 0

0.1 -20
0.01 -40
0.001 -60
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Transfer function — frequency response

Useful for:

* audio components (amplifiers, microphones,
loudspeakers, cables)

* wireless components (antennas, amplifiers)
* vibrating systems (suspensions, drivetrains)
* control systems (regulators, objects)
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Transfer function — frequency response
RC circuit example

0!

o 1 | o
U1(t):Sin<w>1Ul(t) C R U2(t)[ uz(t)ZAsin(wt>
(o ' o
H<S):1fSTs
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Transfer function — frequency response
RC circuit example

H(s)

_1Ts
1+T5s
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Transfer function — frequency response
RC circuit example

H(s)

_1Ts
1+T5s
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Transfer function — frequency response
RC circuit example

H(s)

_1Ts
1+T5s

03.12.2019 TM&AC, Lecture 9, Sebastian Korczak, only for educational purposes

31



Transfer function — frequency response
RC circuit example

0!

O

U, (1) u,(t)=Asin(wt+q)

o |
ul(t):sin(m>1U1(t) C g
© T:
H(s)=—2
S:j(D ( ) 1+7Ts

O

Tjo _ Tjw .l—Tjoo_Tjoo—szZ(uZ:Tjm+T2u)2_

2

T m

2

T w

MU o™ I jo 1T o™ 1T e 1aT0! el ) 4T
Pl0)=—L2 Qo)=—12"  a(w)=|H(jo)={P (0} +Q(0)=-—L2
1+T %0’ 1+T VT2 02+ 1
T 2 2
L(w)zZOlogA(m)ZZOlog\/ ——=20log Tw—20log VT w’+1
T "o +1

Q

cp((x)):argH(j(u)zarctanﬁzarctan

T w
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Transfer function — frequency response
RC circuit example

Nyquist plot
_ T2w2 — T o
P<(D>_1+T2w2 Q) 1+T o’
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Transfer function — frequency response
RC circuit example

Nyquist plot
_ T2w2 — T
P<(D>_1+T2w2 Q) 1+T o’
Q(w)}
w=1/T
1/23==mmmmmmmmm =

0 1/2 1 P(w)
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Transfer function — frequency response
RC circuit example

Tw 1
Alw)= —
(w) e ¢ (m)=arctan =
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Transfer function — frequency response
RC circuit example

Tw 1
Alw)= —
(w) e ¢ (m)=arctan =

d
0

1 2 3 4 gg(;

T T T T T T
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Transfer function — frequency response
RC circuit example

e/ 4 g :

d
0

1 2 3 4 5 g(; 0

1 2 3 4 1 2 3 4 5 6
T T T T T T T T T T T T
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Transfer function — frequency response
RC circuit example

T w

L(w)=20log T w—20log VT w’+1 @ (o )=arctan
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Transfer function — frequency response
RC circuit example

L(w)=20log T w—201logy T2 0’ +1

11 10 100
IQT T T T
| | Q) [I:rad/s]
m
=,
B
o~
—20¢
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Transfer function — frequency response
RC circuit example

L(w)=20log T w—201logy T2 0’ +1

11 10 100
IQTT T T

Q) [':rad/s]
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Transfer function — frequency response
RC circuit example

L(w)=20log T w—201logy T2 0’ +1

1
' - I =20log1—201log+/2~—3
Q) [rad/s] W= T ) 08 08

L(m 1:;)) 20log 10—201ogv101~0

=20log 100—201logv10001~0

Il
‘H

L(w:L)ZZOlogO,l— 20logv1,01~—-20
( T )220 log 0,01 —201og v 1,0001~—40
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Transfer function — frequency response
RC circuit example

¢ (w)=arctan

Tw

A

I

2
o)
S
— JT
E 4
o

w [rad/s]

1 ~ 1 1 1 10 100 1000
10007 100T 10T T T T T
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Transfer function — frequency response
RC circuit example

T w

¢ (w)=arctan

w [rad/s]

1 ~ 1 1 1 10 100 1000
10007 100T 10T T T T T
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plo="—

Qlw

Plw=

ofo-

Transfer function — frequency response
RC circuit example

T
100

_ 1000
T

10T

~100T

—arctan1 =2 =45°
4

=arctani=O,1=5,710 2
10

—=arctan

arctani—o 01=0,57°
100

=0,001=0,06"
1000 ’

—arctan 10=1,47=84,29°

¢ (w)=arctan T

w [rad/s]

—arctan 100=1,56=89,43°
-

1000T

1 1 1 10 100 1000
iooT 10T T T T T
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Transfer function — frequency response
RC circuit example

L(w)=20log T w—20logy T2 0 +1 ¢ (w)=arctan| ——
Bode plot
11 10 100
10T T T T
A : A
' s

o [rad/s]

1/ 1 1 1 10 100 1000
10007 100T 10T T T T T
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Transfer function — frequency response
RC circuit example

| |

u, (t)=sin(wt) ]Ul(t) C g U2(t)l u,(t)=Asin(wt+q)

0 |
Example:
R=1kQ, C=10uF

0

16

—_—

L(w) [dB]
Fi(w)

-43

1 10 100 1000 10000 0

o olo9)

1 10 100 1000 10000
— e s e oy~ wilog)



Transfer function — frequency response
RC circuit example

u, (t)=sin(ot) RC filter u,(t)=Asin(wt+q)

I >

L{w) [dB]

v \/ 0.01 01 1 10 100 1000

wilog)

Fi{w)

0.01 0.1 1 10 100 1000
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Transfer function — frequency response
RC circuit example

Hl(f):SiIl(Uf RC filter Hz(f):ASin ({,l)f+q))

| e e e e e =
AR :/ ARy

A LT RRAT

wilog)

16 : : : :
14 t
12 t
1 F
2 08}
L
06
04 t
02 t
O . . L
0.01 0.1 1 10 100 1000
W
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Transfer function — frequency response
Example 2 - vibrating system

output
material point of displacement
mass m \ \
A
y(t)

linear spring

with stiffness k \ \:j C A

/ u(t)
/ /

linear damper with input displacement
damping ¢
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Transfer function — frequency response

0]

Example 2 - vibrating system
k% Enke

u(t)T
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Transfer function — frequency response
Example 2 - vibrating system

m |yl
my(t)+cy(t)+ky(t)=cult)+ku(t) k% e u(t)T
cs+k
H(S): 2
ms +cs+k

2, 2 2 2
P(OL)): ki+c z—kmoo , Q(&))Z
(k—moo2) +cw’
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Transfer function — frequency response

Example 2 - vibrating system

m |y
Ns N
Plots for: m=300kg, c=800—, k=11000—
m m k= [c
u(t)T
Nyquist plot
031220 -—D.f: 1] 0.9 1 1.9 2 -



Transfer function — frequency response

Example 2 - vibrating system

m | yol
gain plot k% e u(t)T
3 T | | | | T | | |
0 | | | | | | | | |
0 5 10 15 20 23 30 35 40 45 50 53



Transfer function — frequency response

L{w) [dB]

Example 2 - vibrating system

m |y

gain plot k% 1 u(t)T

10

60
0.01

0.1 1 10 100 1000
w(log)
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Transfer function — frequency response

Example 2 - vibrating system

yof

k= |-
phase plot with ,atan” ?

2 ' T

0.01 0.1 1 10 100 1000

95



Transfer function — frequency response
Example 2 - vibrating system

m |yl

k 1lc
phase plot with ,atan2” % T u(t)T

B

Fifw)
| |

_2_5 1 1 1 |
0.01 0.1

1 10 100 1000
56
w(log)



Transfer function — frequency response
Example 2 - vibrating system

m |y

k Enke
Step response % U(t)T

1.6 T | | T T

I |

12 | .

0.6 n .
0.4 _ m

02t _
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Classification of basic automatic systems

Element name Equation Transfer function
proportional y (t) —ku (t) k
first order dy|t k
(inertial) )c;i ) +y(t) =ku(t) Ts+1
t
ylt|=k | ult|dt

. 0 k
integrator or —

S

AT
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Classification of basic automatic systems

Element name Equation Eﬁgﬁﬁ:
. dut|
derivative ylt|=k ks
dt
derivative with dy (t) . du (t) ks
e it | Dy -
inertia dt dt Tt 1
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Classification of basic automatic systems

Element name Equation Eﬁgzi;er:
(t):u(t—’[) —TS
delay Y e
d°ylt) .. dylt
second order Ti — 1, 7 + k
(oscillator) dt T2s*+T,s+1
+ylt|=kult
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. i _ dy _ . du
2. Static characteristic (steady state): for o O/\E 0
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. - L dy .  du_
2. Static characteristic (steady state): y=ku for E_O/\E_O
y A

/» for k>0
u
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. - L dy .  du_
2. Static characteristic (steady state): y=ku for E_O/\E_O
y A

/» for k>0
u

3. Transfer function:
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. - L dy .  du_
2. Static characteristic (steady state): y=ku for E_O/\E_O
y A

/» for k>0
u

3. Transfer function: H (5):k
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. - L dy .  du_
2. Static characteristic (steady state): y=ku  for E_OAE_O
y A

/» for k>0
u

3. Transfer function: H (5):k

4. Step response: for u(t)=u,1(t)
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. - L dy .  du_
2. Static characteristic (steady state): y=ku  for E_OAE_O
y A

/» for k>0
u

3. Transfer function: H (5):k

4. Step response:  y(t)=ku,1(t) for u(t)=u,1(t)
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. - L dy .  du_
2. Static characteristic (steady state): y=ku  for E_OAE_O
y A

/» for k>0
u

3. Transfer function: H (5):k

4. Step response:  y(t)=ku,1(t) for u(t)=u,1(t)
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Proportional element

1. Element equation: y|(t|=ku/t| u(t) - input, y(t) - output
. i L dy du
2. Static characteristic (steady state): y=ku  for o _O/\E 0

yA
/» for k>0
u

3. Transfer function: H (5):k

4. Step response:  y(t)=ku,1(t) for u(t)=u,1(t)
u(t)} y(t)
k
T Uy

>
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Proportional element

5. Frequency response:
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Proportional element

5. Frequency response: H(j(o):k
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Proportional element

5. Frequency response: H(joo):k p(m):k, Q(m):O
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Proportional element

5. Frequency response: H(ju)):k p(m):k, Q(m)ZO

6. Nyquist plot:
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Proportional element

5. Frequency response: H(ju)):k p(m):k, Q(m):O

6. Nyquist plot: Q(w)4

for k>0
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Proportional element

5. Frequency response: H(j(o):k p(m):k, Q((D):()

6. Nyquist plot: Q(w)4

for k>0

/. Bode plot:
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Proportional element

5. Frequency response: H(ju)):k

P(w)=k, Q(w)=0

6. Nyquist plot: Q(w)

A

P(w)

for k>0

7.Bode plot:  A(w)=vP*+Q*=|K|
L(w)=20log A(w)
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Proportional element

5. Frequency response: H(ju)):k p(m):k, Q(m):O

6. Nyquist plot: Q(w) 4

. for k>0
P(w)
7.B lot: —\ P’+0° = _ Q_|0,dla k=0
ode plot:  A(w) \/P +Q°=lk| o¢lo) arctan — v dla k<0

L(w)=20log A(w)
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Proportional element

5. Frequency response: H(j(o):k p(m):k, Q(m):O

6. Nyquist plot: Q(w) 4

. for k>0
P(w)
- _ — _ Q_10,dla k=
/. Bode plot: A((D)—\/P2+Q2—‘k| cp(oo)—arctanﬁ_ (r)c,((ilfllz kig
28 L(w)=20log A(w)
B
~ | 20log|K|

o [rad/s]
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Proportional element

5. Frequency response: H(j(o):k

P(w)=k, Q(w)=0

6. Nyquist plot: Q(w)4
. for k>0
P(o)

.B lot: — . D23+ )%= _ Q_|0,dla k=0
/. Bode plot A((D) \/P +Q°=lk| o¢lo) arctan — v dla k<0
= L(w)=20log A(w)
= )

N o
B B fereeereeeeeneeneeeee
~ 2010g|k| /6?
e
o [rad/s]

o [rad/s]
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Proportional element

Examples

GEARBOX:
input — angular velocity w,(t)
output — angular velocity w,(t)

w,(t)
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Proportional element

Examples

GEARBOX:
input — angular velocity w,(t)
output — angular velocity w,(t)

w,(t)
GEARBOX:
input — rotation angle @.(t)
output — rotation angle @,(t)
@,(t)
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Proportional element

Examples

R R

1 2

OPERATIONAL AMPLIFIER:
input — voltage v, (t)
output — voltage v,(t)

RZ
tiI=v. I\t 1+—
v,lt)=v,lt] R
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Proportional element

Examples

input — voltage v, (t)
output — voltage v,(t)

RZ
tiI=v. I\t 1+—
v,lt)=v,lt] R

1 2 BEAM in steady state:
input — force F,
output — force F,

§3
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Proportional element

Examples

‘ ¥ X, (1) ‘ $ x,(1)

HYDRAULIC LEVER:
input — displacement x_(t)
output — displacement x,(t)
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Proportional element

Examples
‘  J X1 (t) ‘ *XZ(t)
HYDRAULIC LEVER:
input — displacement x_(t)

output — displacement x,(t)
x(t) PRESSURE ACTUATOR:

1L input — pressure p.(t)

| — 1

P(1) mN ] output — displacement x(t)
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B e A D

Input interpretation:

WolframAlpha

& WolframAlpha ez
knowledge engine
transfer function (8*s+4)/(2¥5"4+7%s"3+11%5"2+19%5+6) =

= Examples =2 Random

systems model

transfer function

4485

6+195 +11s52 + 753 +25%
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WolframAlpha

W(}]_fram_Al I]af computational..
knowledge engine

[ partial fraction decomposition s/(s"3+4%s"2+5%5+2)

5 )

B & B T

Assuming "s" is a variable | Use as a unit instead

Input:

5
s +452 45542

partial fractions

Result:

5 _ 2, 2 1
s +4s52 455+ 2 s5+2 s5+1  (s+1)7
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WolframAlpha

W}lfram_Al I]Ei computational ..
knowledge engine

[ inverse laplace transform s/(s~3+ 4%5"2+5%5+42) =] ]

B B B o = Examples == Random

Assuming "s” iz a variable | Use as a unit instead

Input:
-1
£

()
s +452 455 +E]

J':I [fis)]it) is the inverse Laplace transform of f(s) with real variable t

Result:

—e™t (Er F—2e + E]
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WolframAlpha

Unit step response plot Less time | | More time | | Unit step
o8}
07f
I -¥
D&
05f
1 | 1 1 1 t
5 10 15 20
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Myguist plot:

WolframAlpha

| show Nyguist grid I | =how stability margins I

03.12.2019 TM&AC, Lecture 9,

* Re

__ Y=
Uis)

Sebastian Korczak, only for educational purposes
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WolframAlpha

Bode plot:
o OF ]
i 5
il -0 - .
% ¥
2 _aof 3
=
= —_ - ]
=) 60
E —BO[ ]
0.1 1 10
. 0
L o
o -50f
g -1o0f
= .
= 150
w :
M —Zo0f
= C
o -250F

0.1 1 10 ¥is)
frequency Li(5)
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