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Classification of basic automatic systems

Element name Transfer function
proportional k
first order (inertial) Ts+1
Integrator K
S
differentiator ks
differentiator with inertia Ts+ 1
delay e_TS
| k
second order (oscillator) Ti S +T,5+1
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Proportional element

1. Element equation: y(t) =ku(t) u(t) - input, y(t) - output
. . _ dy .  du_
2. Static characteristic (steady state): y=ku  for E_O/\E_O
y A

/» for k>0
u

3. Transfer function: H (s)=k

4. Step response:  y(t)=ku,1(t) for u(t)=u,1(t)
u(t)f y(t)y
k
T S Uy
- .
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Proportional element

5. Frequency response: H(jw)=k  P(w)=k, Q(w)=0

6. Nyquist plot:  Q(w)4

for k>0

P(w)

0, dla k=0

| Ty _ Q_
7. Bode plot: A(oo)—\/P +Q =[k| @(w)=arctan w, dla k<0

L(w)=20log A(w) ’

L(w) [dB]

20 log |k| =

o [rad/s]

o [rad/s]
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Proportional element
Examples

GEARBOX:
input — angular velocity w (t)
output — angular velocity w,(t)

0,(t)

GEARBOX:
Input — rotation angle @, (t)
output — rotation angle @.(t)

0,(1)
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Proportional element

Examples
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OPERATIONAL AMPLIFIER:
input — voltage v, (t)
output — voltage v,(t)

RZ
ti=v, it/ 1+—
v,ltl=v,[t] R

BEAM in steady state:
iInput — force F,
output — force F,



Proportional element

Examples

@ ‘,xl(t) ‘ $ %,()

@ X(t)
) NN ——
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HYDRAULIC LEVER:
input — displacement x_(t)
output — displacement x_(t)

PRESSURE ACTUATOR:
Input — pressure p,(t)
output — displacement x(t)



First-order inertial element

dy(t)+y(t)=ku(t) u(t) - input

1. Element equation: T
| dt y(t) - output

10.12.2019 TM&AC, Lecture 10, Sebastian Korczak, only for educational purposes



First-order inertial element

dy|t]
dt

1. Element equation: T +y|t)=kult

u(t) - input
y(t) - output

2. Static characteristic (steady state):
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First-order inertial element

dy|t]
dt

1. Element equation: T +y|t)=kult

u(t) - input
y(t) - output

2. Static characteristic (steady state): y=ku  for
y A

o

dy du

e
dt dt
for k>0

0

3. Transfer function:
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First-order inertial element

1. Element equation: Td)c;( d +y|t|=kult]

u(t) - input
y(t) - output

. - d d
2. Static characteristic (steady state): y=ku  for d—y—o/\d—” 0
v t t
/ - for k>0
u
k

3. Transfer function: H (s)=

Ts+1
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First-order inertial element

4. Step response:
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First-order inertial element

4. Step response:
input: u(t)=u,1(t)

Laplace of input: U (S)ZUo%

ku
Lapl foutput: Y (s)=H (s)U (s)= L
aplace of output: Y (s)=H (s)U (s) Te1)

output: y(t)=L '[Y (s)l=k Uo(l—e_t/T)

y(t)
u (t)A k uo\ E | |
0.950 k uy—jmmmnn -
U 0.865 k uO? _________ v
0.632 k ug
t " T 2T 3T
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First-order inertial element

5. Frequency response:
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First-order inertial element

k
5. F : ' —
requency response: H (jw) Torl
k —kT w
P — , —

6. Nyquist plot:
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First-order inertial element

k
5. F : ' —
requency response: H (jw) Torl
k —kT w
P — , —

6. Nyquist plot:  Q(w)
for k>0 w=0

>~
S~
No

S Y Lo P

w=1/T
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First-order inertial element

/. Bode plot: P(m)z k Q((x))—

T w°+1°
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First-order inertial element

7. Bode plot: A(u))Z\/P2+Q2:\k|/\/T2oo2+1

L(w)=20log A(w)=201log |k|—201logy T> w*+1
Q

cp(m):arctangzarctan(—Tu))

10.12.2019 TM&AC, Lecture 10, Sebastian Korczak, only for educational purposes

19



First-order inertial element

7.Bode plot:  A(w)=VP*+Q*=|k|/VT?w’+1
L(w)=201og A(w)=201og |k|—20logy T> w*+1

cp(oo)ZarCtan%:arctan(—Too) for k>0
A
: : 10/T N
1 1 w [rad/s]
10T T

L(w) [dB]
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First-order inertial element

7. Bode plot: A(u))Z\/P2+Q2:\k|/\/T2oo2+1

L(w)=20log A(w)=201log |k|—201logy T> w*+1
Q

cp(m):arctanﬁzarctan(—Tm) for k>0

, ,201log|k| 20 log|k|—3

: 10/T N
1 o [rad/s]

L(w) [dB]

201og |k|—20

201log |k|—40
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First-order inertial element

7. Bode plot: A(u))Z\/P2+Q2:\k|/\/T2oo2+1
L(w)=20log A(w)=201log |k|—201logy T> w*+1

Cp((D)ZarCtan%:arctan(—Tm) for k>0
20 log |k 201og |k|—3 —
A g| | Bk I f w [rad/s]
| . 10/T 5 i 1 10 100
2 10T 7 ]
B 4
= 20 log k| —20
_ It
2
20 log |k|—40
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First-order inertial element
Examples

LINEAR MOTION OF A MATERIAL

@ ﬂ» POINT WITH LINEAR DAMPING:
V(1) iInput — force F(t)
- output — velocity v(t)

example: car is driving on a flat surface with air resistance proportional
To its velocity, described using machine equation of motion, with assumption
of constant reduced mass.
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First-order inertial element
Examples

F(t) LINEAR MOTION OF A MATERIAL
@ —_— POINT WITH LINEAR DAMPING:
V(1) iInput — force F(t)

- output — velocity v(t)

example: car is driving on a flat surface with air resistance proportional
To its velocity, described using machine equation of motion, with assumption
of constant reduced mass.

ANGULAR MOTION OF ARIGID BODY

M(t)
@ WITH LINEAR DAMPING:
input — torque M(t)
output — angular velocity w(t)
w(t)
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First-order inertial element
Examples

@ p,(t) AIR CONTAINER:

iInput — pressure p,(t)
p,(t) output — pressure p,(t)
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First-order inertial element
Examples

@ p,()

p,(t)
——

L

T(t)

ﬁh(t)

~~

~—n

~~

AIR CONTAINER:
iInput — pressure p,(t)
output — pressure p,(t)

HEATED OBJECT WITH SMALL
INERTIA:

input — heater power h(t)

output — object temperature T (t)
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Integrator

dy (t)
1. Element equation: ~ 3~ — kult)
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u(t) - input
y(t) - output
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Integrator

dy (t)
1. Element equation: ~ 3~ — kult)

u(t) - input
y(t) - output

2. Static characteristic (steady state):
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Integrator

dy(t) _ -
1. Element equation: — 4, ( ) y(t) - output
. L dy du
2. Static characteristic (steady state): u=0 for o _O/\E 0
y A

3. Transfer function:
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Integrator

dy(t) _ -
1. Element equation: — 4, ( ) y(t) - output
. L dy du
2. Static characteristic (steady state): u=0 for o _O/\E 0

yA

3. Transfer function: H (s)= k
s
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Integrator

input: u(t)=u,1(t) .

4. Step response:
presp Laplace of input: U(S)Zuo;
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Integrator

4. Step response:
input: u(t)=u,1(t)

Laplace of input: U (s)zuoi
Laplace of output: Y (s)=H (s)U(s)= kSL;O
output: y(t)ZL_l{Y(S)}:kuot for k>0
u(t), y(th
Uy
t
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Integrator

5. Frequency response:
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Integrator

5. Frequency response: H(j(,o):L

Jw

P(0)=0, Q(0)=—n

6. Nyquist plot:
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Integrator

5. Frequency response: H(jw):.L
Jw
k
P((D)ZO, Q(m):—m
6. Nyquist plot: Q((D)‘
for k>0 0= 00
0 P(o)
A
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Integrator

7. Bode plot:
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Integrator

7. Bode plot: A(m)Z\/P2+Q2:|%|

L(m):zologA(w):zolog|£| ¢(w)
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Q

—arctan ? —arctan

(—o0)
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Integrator

/. Bode plot: A(oo):\/P2+Q2:|%| for k>0

L(m):201ogA(m):201og|£| cp(w)=arctan%=arctan(—oo)

A
401
201
. k/10 K 10k 100k
= o [rad/s]
S, |
3
~
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Integrator

/. Bode plot: A(oo):\/P2+Q2:|%| for k>0
L((D):2010gA((D):2010g|£| cp(m)zarctan%:arctan(—oo)

4 —20dB/dek

10k 100k

o [rad/'si
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Integrator

/. Bode plot: A(w):\/P2+Q2:|%| for k>0

L(m):201ogA(m):201og|£| cp(w)=arctan%=arctan(—oo)

! —20dB/dek \
40
o
201 i
- w [rad/s]
. 10k 100k "3 : i i i i >
— "o [rad/s] &
M
o .
3 1
3 | 2
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Integrator
Examples

@ ft) B PRISM LIQUID TANK:
input — liquid inflow f(t)
output — liquid level h(t)

h(t)
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Integrator
Examples

@ ft) B PRISM LIQUID TANK:
input — liquid inflow f(t)
output — liquid level h(t)

OPERATIONAL AMPLIFIER:
iInput — voltage v (t)
output — voltage v,(t)
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Integrator
Examples

GEARBOX:
Input — angular velocity w(t)
output — rotation angle @(t)

@(t)
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Integrator
Examples

GEARBOX:
Input — angular velocity w(t)
output — rotation angle ¢(t)

@(t)

@ HYDRAULIC CYLINDER:
= . Input — volume inflow f(t)
() T . output — displacement x(t)
- | X(t)
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Differentiator

du(t)
1. Element equation: y(t)=k dt
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u(t) - input
y(t) - output
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Differentiator

du(t)
1. Element equation: y(t)=k dt

u(t) - input
y(t) - output

2. Static characteristic (steady state):
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Differentiator

du(t)

1. Element equation: Y<t):k d u(t) - input

y(t) - output

du

. - d
2. Static characteristic (steady state): y =0 for d)t/ _O/\E 0
y A

3. Transfer function:
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Differentiator

du(t)

1. Element equation: Y<t):k d u(t) - input

y(t) - output

D _ogpdu_

2. Static characteristic (steady state): y =0 for I It

yA

3. Transfer function: H (s)=k s
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Differentiator

4. Step response:
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input: u(t)=u,1(t)
Laplace of input: U(s)zuog
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Differentiator

4. Step response:

input: u(t)=u,1(t)
1

Laplace of input: U(s)zuog
Laplace of output: Y (s)=H (s)U (s)=ku,
output: y(t)=L (Y (s)=ku,o(t)
u(t)y y(th

Uy
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Differentiator

5. Frequency response:
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Differentiator

5. Frequency response: H(jw)=jkw

P(w)=0, Qlw)=kw

6. Nyquist plot:
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Differentiator

5. Frequency response: H(jw)=jkw

P(w)=0, Qlw)=kw

6. Nyquist plot: Q(w)1
for k>0
A
.mZO _
0 P(w)
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Differentiator

/. Bode plot: P((D>=0, Q((D)Ikm
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Differentiator

7. Bode plot: A(m):\/P2+Q2:\km\
L(w)=20log A(w)=201log |k w| cp(w)=arctan%=arctan(oo)

A
401
_ 20
.
= LI Lok ] ]
E k/10 o [rad/s]
~
—20+
_40-

10.12.2019 TM&AC, Lecture 10, Sebastian Korczak, only for educational purposes 55



Differentiator

7. Bode plot: A(u))Z\/P2+Q2:\koo\

L(w)=20log A(w)=201log |k w| cp(m)zarctan%zarctan(oo)
A +20dB/dek
401
20t
M
) . 10k N
B "o [rad/s]
I~
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Differentiator

7. Bode plot: A(oo)Z\/P2+Q2:\koo\
L(w)=20log A(w)=201log |k w| cp(m)zarctan%zarctan(oo)

\ +20dB/dek A for k>0
401
T
__20¢ 2
=
— 0 * - 3
3 o [rad/s] = | w [rad/s]
o~ ’g I ] —>
_20“ —
9.
—40
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Differentiator
Examples

GEARBOX:
iInput — rotation angle @(t)
output — angular velocity w(t)

w(t)
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Differentiator
Examples

GEARBOX:
iInput — rotation angle @(t)
output — angular velocity w(t)

w(t)

1C R
@ O I, OPERATIONAL AMPLIFIER:

iInput — voltage v, (t)
output — voltage v,(t)

L ? wl)=—re dvit)
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Real differentiator (derivative+1st order)

dy(t)+y(t)=k du(t) u(t) - input

1. Element equation: T
k dt dt y(t) - output
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Real differentiator (derivative+1st order)

dy(t)+y(t):k du(t) u(t) - input

1. Element equation: T
X dt dt y(t) - output

2. Static characteristic (steady state):
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Real differentiator (derivative+1st order)

1. Element equation: T dy(t) + (t):k du(t) u(t) - input
dt dt y(t) - output
. L _ dy _ ., du
2. Static characteristic (steady state): y =0 for it O/\E 0

yA

3. Transfer function:
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62



Real differentiator (derivative+1st order)

1. Element equation: T

dJ’(t)+ (t)=k du(t) u(t) - input

dt dt y(t) - output
. L _ dy _ ., du
2. Static characteristic (steady state): y =0 for it O/\E 0
y A
U
ks
3. Transfer function: H (s)=
Ts+1
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Real differentiator (derivative+1st order)

input: u(t)=u,1(t)

Laplace of input: U(s)zuog

4. Step response:
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Real differentiator (derivative+1st order)

4. Step response:

input: u(t)=u,1(t)

Laplace of input: U (s)=u,~
> ~ ku,
C Ts+1

output: y(t)=L7' Y (s)l=ku,e”"'"

Laplace of output: Y (s)=H (s)U(s)

for k>0
y ()
Ll(t)A k U,
U 0.368 k UO\
0.135k UO\ """"" 5
0.050 k ug~m N

¢ T 2T 3T t
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Real differentiator (derivative+1st order)

5. Frequency response:
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Real differentiator (derivative+1st order)

. . Kjw
5. Freguency response: —
AUENEY TESP H(jo) Tjw+1
kT o kw
P — , —
<(D) T2m2+1 Q((D) T2m2+1

6. Nyquist plot:
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Real differentiator (derivative+1st order)

Kjw
Tjw+1

5. Frequency response: H(j(n):

kT o’ kw
Plw)= W=
( ) T°w’+1 Q( ) T w°+1
6. Nyquist plot:  Q(w)4
w=1/T

for k>0 K2 o

NJ
~
~ | =
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Real differentiator (derivative+1st order)

7. Bode plot: P(w)= kT o’ Q(w)= k ®
T?w’+1° T°w’+1
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Real differentiator (derivative+1st order)

7.Bode plot:  A(w)=vP*+Q’=|kw|/VT w’+1
L(w)=201log A(®)=201og |k m|—201ogy T*w’+1

1
cp(u)):arctang:arctan —
P T w
A for k>0
A/ 20log |k/T| 20log|k/T|-3 bid
______________________________________ 2
) 10/T
o [rad/s] E’n
= <4 [T
= =
3 20log |k/T|—20
~ ; w [rad/s]
1 1 1 10 100
20log |k/T|—40 —

100T 10T T T T
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Real differentiator (derivative+1st order)

Examples
i)
| |
@ o | | | N RC CIRCUIT:
C input — voltage u,(t)
IUl(t) R U2(t) output — voltage u,(t)
(o ' 0o
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Delay

1. Element equation: y(t)=u(t—1)

10.12.2019 TM&AC, Lecture 10, Sebastian Korczak, only for educational purposes

u(t) - input
y(t) - output
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Delay

1. Element equation: y(t) =u (t—r)

u(t) - input
y(t) - output

2. Static characteristic (steady state):
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Delay

u(t—r) u(t) - input

1. Element equation: y(t)= y(t) - output

D _ogpdu_

2. Static characteristic (steady state): y=u for dt dt

y A
/ u

3. Transfer function:
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Delay

. _ B u(t) - input
1. Element equation: y(t)—u(t 1:) y(¢) - output
. L _ dy du

2. Static characteristic (steady state): y=Uu for I _O/\E 0

y A
/ u

3. Transfer function: H (s)=e "
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Delay

4. Step response;  Nput: u(t)=u,1(t)
Laplace of input: U (s)= Uy~
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Delay

4. Step response:
input: u(t)=u,1(t)
Laplace of input: U(s)zuog

Laplace of output: Y (s)=H (s) U(S):%e—rs

output: y(t)=L ' {Y(s)}=u,1(t—)

u(t)y y(th

UO UO """"

t
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Delay

5. Frequency response:
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Delay

—Tjw

5. Frequency response: H(jw)=e

e

—JX _

COS X — jSinx

P(w)=cos(tw), Q(w)=—sin(tw)

6. Nyquist plot:
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Delay

5. Frequency response: H(jw)=e ™/* e X=cosx— jsinx

P(w)=cos(tw), Q(w)=—sin(tw)

6. Nyquist plot:
for k>0

JT

w=——

27T
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Delay

7. Bode plot: P(w)=cos(tw), Q(w)=—sin(tw)
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Delay

7.Bode plot:  A(w)=VP*+Q’=1
L(w)=20log A(w)=20log1=0
Q

cp(m)zarctanﬁzarctan(—tan(rm)):—tw

N \ F 10 7T
2 "c n
/_8\ SV PSR O S B - : m [rad/S]
=
w [rad/s]

) | N

1 1 10 E

10T T T B

o
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Delay

Examples

@ WIRELESS TRANSMISSION:
Input — sent data
output — received data

data pocket data pocket
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Second-order inertial element

2
1. Element equation: de ;}Z(t)+T2d};Et)+y(t):k u(t)
t
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Second-order inertial element

2
1. Element equation: de;£t>+T2d);(tt)+y(t):k u(t)
t

2. Static characteristic (steady state):
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Second-order inertial element

2
1. Element equation: de y(t>+T2dY(t)+y(t):k u(t)

dt? dt

2. Static characteristic (steady state): y=ku  for
y A

o

dy _

dt

OA

du _

dt

0

3. Transfer function:
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Second-order inertial element

2
1. Element equation: de Y(t>+T2dY(t)+y(t):k u(t)

dt? dt

2. Static characteristic (steady state): y=ku  for
y A

o

dy

dt

du
=0AN—=
dt

0

k

3. Transfer function: H( ) —
T,s+T,s+1
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Second-order inertial element

4. Step response:
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Second-order inertial element

4. Step response:
input: u(t)=u,1(t)

Laplace of input: U (S)ZUo%
ku
Laplace of output: Y (s)=H (s)U (s)= 0
p put ¥ ($)=H (5)U ()= g s
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Second-order inertial element

4. Step response:
input: u(t)=u,1(t)

Laplace of input: U (S)ZUo%
ku
Laplace of output: Y (s)=H (s)U (s)= 0
p put ¥ ($)=H (5)U ()= g s

output: y(t|=L7'Y(s)|=

(
kuowg(l—e_ht(cosoot+%sinmt)), for h=<w,
h+w
2w

<
t h+w

e
2w

ht

1+e —1le "

2
ku,m, , for h=w,

\

T
where: h=2;2, ooO:Ti, oozx/ooé—hz, w=\/h2—m(2,
1

1
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Second-order inertial element

4. Step response:

y(t) (\/h<(x)0
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Second-order inertial element

5. Frequency response:
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Second-order inertial element

k
— T2’ +T, jo+1
—kT,m

5. Frequency response: H (joo):

k(1-T:w?)

P(o)= Q(w)=

(1-T 0’ ) +Ti0° (1-T;0’)+T,n°
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Second-order inertial element

5. Frequency response: H (jw)= — K
—T,w+T,jw+1
k(1-T o) —kT,m
P((D>: 2 2)\2 2 27 Q((D): 2 _2)\2 2 2
(1-T;0 ) +T;® (1-Ti0 ) +T;m
6. Nyquist plot: Q(w) 4
for k>0 olo=0 ©=0 »
‘ < Plo)
— for h<w,
— for h=w,
— for h>w,
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Second-order inertial element

7. Bode plot: A(m)Z\/P2+Q2 — for h<w,
L(w)=20log A(w) — for h=w,
0 — for h>w,

cp(m):arctang

for k>0

o [rad/s]
Eﬂ | B
T,

L(w) [dB]

201og |k|—20

201log |k|—40
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Second-order inertial element

Examples
@ VIBRATING SYSTEM:
iInput — force F(t)
output — displacement y(t)
: : A
material point of mass m F(1)

N

R

T y(t)
linear spring with

stifiness k \ \:J —__ linear damper

with damping ¢

iz g
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Second-order inertial element

Examples
@ F(t) LINEAR MOTION OF A MATERIAL
POINT WITH LINEAR DAMPING:
O X(t) Input — force F(t)
- output — displacement x(t)

example: car driving on a flat surface with air resistance proportional to
velocity, described using machine equation of motion, with assumption of

constant reduced mass.
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Second-order inertial element

Examples
@ - LINEAR MOTION OF A MATERIAL
POINT WITH LINEAR DAMPING:
O X(t) input — force F(t)

- output — displacement x(t)

example: car driving on a flat surface with air resistance proportional to
velocity, described using machine equation of motion, with assumption of
constant reduced mass.

M(t) ANGULAR MOTION OF A RIGID BODY
@ WITH LINEAR DAMPING:
input — torque M(t)
output — angle ¢(t)
o(t)
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Second-order inertial element
Examples

T, \ 5 /
@ HEATED OBJECT WITH HIGH

~—~. INERTIA:
Ti(t) iInput — heater power h(t)
~ "~  output — object temperature T (t)
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Classification of basic automatic systems

Element name Transfer function

proportional k

first order (inertial) To+1
Integrator k
S
differentiator ks

differentiator with inertia Ts+ 1

delay e '’
| k
second order (oscillator) Tisz +T,5+1
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10.12.201

Nyquist plot

Bode Plot (example)

202 = 1 .
2015
Im A 20.1 08 1
= 2005
= 20 N
= [
= 19 95
@ - -
199 05
Re 19,85
198 H i R T S —
nim 01 1 10 100 1000 0 01 1 0 100 1000
wilog) wilog)
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A0 e _\
a0 o4 b
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: g o x
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Re Y E 1575
—
-1.54
1 585
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Nyquist plot

Bode Plot (example)

Im

Liwi [o8]

18

14 b
12 ¢

Figw)

100 1000 061

1000

Im

Liw) dB}

100
Relili]
-300
]

a00

10w,

u 00
-1aa
-ana
-900

-1000

100 1000 0. o

1

wilog)
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100
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20
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Fifw]
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willog)
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wilog)
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Example

Calculate and sketch step response and Bode Plots for a system
with transfer function H(s) = 3/s.
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Example

Calculate and sketch step response and Bode Plots for a system
with transfer function H(s) = 3/s.
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Example

Calculate and sketch step response and Bode Plots for a system
with transfer function H(s) = 3/s.
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Example

Calculate and sketch step response and Bode Plots for a system
with transfer function H(s) = 3/s.

A
m o [rad/s]
=, | >
3
o~
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Example

Calculate and sketch step response and Bode Plots for a system
with transfer function H(s) = 3/s.

Q) [rad/s]

P (oo) [rad]
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