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Lecture 9

Frequency response.
Classification of basic automatic systems.
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Transfer function

Linear time-invariant SISO system for continous-time
input signal x(t) and output y(t) in a form

Transfer H(S):Y(S)
function X(s

Y (s) - Laplace'a transform of an output

X (s) - Laplace'a transform of an input
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Input and output
time%gmain

C(6) A y(O%h(0) x(0)
........ T
X(s) | (" Hs) ~Y(s)=H(s)X(s)

complex domain
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Transfer function & frequency response

Transfer function Full system description
(Laplace domain) (for every possible input)

H(s)
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Transfer function & frequency response
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Transfer function & frequency response

T

: LTI SISO in :
sin (wt) | Steady state Apin(wt o
—_——
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Transfer function & frequency response

e ———
Transfer function Full system description
(Laplace domain) (for every possible input)
H(s)
0=0
S=jw

Frequency response

Description of a system in
urier domain)

steady state with harmonic
iInput
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Transfer function — frequency response

input: | x(t)=sin(wt) | transfer functiof H(s)| output: y(t) Asin(mt+@)
\
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Transfer function — frequency response

input: ~ x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)
harmonic excitation

steady state!!!
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Transfer function — frequency response

input:  x (t ) = sm transfer function: H output: y =Asin ((D (+ cp)

S Qw\ @@W@@

03.12.2019 TM&AC, Lecture 9, Sebastian Korczak, only for educational purposes 11



Transfer function — frequency response
input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+qo)

S=jW

H(s) — H(jo)=P(w)+jQ(w)
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Transfer function — frequency response

input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+qo)

H(s) MH(J'@):P((D)HQ((D) N, {O ) OO)

Nyquist plot
Q ( (D) 1 (—’\/g
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Transfer function — frequency response

',
input: x :OS @ transferfunctio output: y( ) 1n((x)t
\.l

®)
@ @ *Q \ \\ 0() 1 Nyquist plot




Transfer function — frequency response
input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+qo)

S=jW

H(s) — H(jo)=P(w)+jQ(w)

A((D)=|H(ju))|:\/p2(m)+Q2((D> Q((D) s Nyquist plot
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Transfer function — frequency response
input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+qo)

S=jW

H(s) — H(jo)=P(w)+jQ(w)

A((D)=|H(ju))|:\/p2(m)+Q2((D> Q((D) s Nyquist plot

cp(oo):ArgH(joo)zarctan%
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Transfer function — frequency response
input: ~ x(t)=sin(wt) transfer function: H(s)  output: y(t):®sin(mt+cp)

S=jW

H(s) — H(jo)=P(w)+jQ(w)

@ |H(](D>|:\/P2((D)+Q2((D) Q((D) \ Nyquist plot
GAIN
Q

cp(oo):ArgH(joo)zarctanE
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Transfer function — frequency response

input: x(t)zsin(mt) transfer function: H(s) output: y(t):@sin(mt+@

S=jw

s) ——— H(jw)=P(w)+jQ(w)

‘:|H (jo)=vP*(0)+Q*(w) O(w) 1 Nyquist plot
)= Q
Arg H( jw)=arctan b

DELAY
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Transfer function — frequency response

input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+o)

Bode Plot
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Transfer function — frequency response

input:  x(t)=sin(wt) fransfer function: H (s)

in(mwt
—

output: y(t)
2/ Bode Plot \7\ M

gain (magnitude) plot phase (phase shift) plot
< =
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Transfer function — frequency response
input: x(t)zsin(oot) transfer function: H(s) output: y(t):@sin(mt+cp)

Bode Plot

gain (magnitude) plot phase (phase shift) plot

i [ tradss))
{ (Lo )

L(w) [dB]

£ ——

+ \L(w)=20log A(w)

L@\QKLO "\’OQWA (“‘3> [& f)}

03.12.2019 TM&AC, Lecture 9, Sebastian Korczak, only for educational purposes 21




Transfer function — frequency response

input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+o)

Bode Plot
/\ gain (magnitude) plsrt phase (phase shift) plot
— “/ ’_/’/ i O
2o KRR, ‘ w [rad/s]
— t } >
B
~

L(w)=20log A(w)
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Transfer function — frequency response

input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+o)

Bode Plot

gain (magnitude) plot phase (phase shift) plot

w [rad/s] @[raﬂ/ﬂ/ )

(Leg)

v

L(w) [dB]

\(m) [rad]

L(w)=20log A(w)
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Transfer function — frequency response

input:  x(t)=sin(wt) transfer function: H(s)  output: y(t)=Asin(wt+o)

Bode Plot
gain (magnitude) plot phase (phase shift) plot
m w [rad/s] @ w [rad/s]
o > o >
— e
\_8/ —
~

U

L(w)=20log A(w)
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Transfer function — frequency response

input:  x(t)=sin(wt) transfer function: H(s) output: y(t)=Asin(wt+q)

Nichols Plot ‘r
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Transfer function — frequency response

LW

A

A (gain) 20IogA)£dB] r
ooo ) 60
100

(o)

N

(20)

<4o

©
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Transfer function — frequency response

Useful for:

» audio components (amplifiers, microphones,
loudspeakers, cables)

 Wireless components (antennas, amplifiers)
. Vibrating systems (suspensions, drivetrains)
« control systems (regulators, objects)
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Transfer function — frequency response
RC circuit example
i(t
1O
al [

U1(t):€in(wt) [U1(t) R U2(t)[ uz(t):}Asin(mt+cp

o — O

(A=
H (o) = = 0) 7 QE)

43\_ T\S{b\) :
Tl T 0y &/\\‘/( > B ‘TZE y
Ty A-To Y e ) o gm

<

T (1T) A TR

| 0

@

(G gl B
| jeo
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Transfer function — frequency response
RC circuit example -

Tyw FTEOb [
H(s)= T H(\)U,Jj )L/\) T D )

(,d o
=~ | T ‘“*TT‘? K
A(w\jm: (1 (:)]-1“1 ;\)'L - w}

/ -
Po)- G“J“"“ MO‘“\(; w} 20bog A1 +72y?
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Transfer function — frequency response
RC circuit example
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Transfer function — frequency response
RC circuit example
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Transfer function — frequency response
RC circuit example

0!

ul(t)zsin(oo>[Ul(t)

| 0

U, (0

u,(t)=Asin(wt+eo)

' O

O

S=Jw

H(jo)=L5—=

r'jo 1-Tjo_

Is
)=
1+75

T jow- T2j2(x)2:Tjoo+T2002_

2 2
T o

T o

T 1+Tjo 1+Tjo 1-Tjo

T2w2 _ Tow
w)=
Q< 1+7%w?

Tw

P =
((D) 1+7°w’

12_ T2j2(02 12+T2(1)2

Alo)=H(jo)l=vP (w)+Q (0)=

L(w)=20log 4(mw)=20log

N/E0N

cp((’O):argH(]'(D):’CHC'GMI;:arctan (L)

=20log T w- 20log VI’ +1

+1

Tw
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B 1’+T*w’

J 12+T2(1)2

Tw

'\/1—‘2(1)2+1
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Transfer function — frequency response
RC circuit example

Nyquist plot
T2 0w _ Tow
@1+T2m2 @_1+T2w2
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Transfer function — frequency response

L ~v . 1 RCcircuit example
6503

Nyquist plot
T2 0w _ Tw
Pl 1477w’ ((D)_l"‘Tz(DZ
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Transfer function — frequency response
RC circuit example

)= Tw B 1
LA_(, ) cp((x))—arctan(T—)

W
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Transfer function — frequency response
RC circuit example

_ To 1
A((D)_ \/I'Z(D2+]_ Cp((x)):arctan(m)
A(m)
L [
0894 ..............................

43 53 E: (S

23
T T T T T T
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1.
0.894-

0.707

Transfer function — frequency response
RC circuit example

..........................................................................

/4 -

273 4
T T T T

5 6(o) 0
T T

2 3 4 5 6
T T T T T T
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Transfer function — frequency response
RC circuit example

1
= - 202 — t —
L(ooy 20log T w- 20log VI o™ +1 ¢ (w)=arc an(Too)
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Transfer function — frequency response £-=2

@Circuit example
x /
L(C\) =7 ’ZO(Of 1/&92\?}\}

—
L(w)=20log T w- 20log \/TZ\(02+1
710

g+ P Ll ) SIESROER
9 Q) [rad/s] L((A)\ ) ?_0(03’]00 LO(/OSW’I

“’ Vo‘?)JZO@‘ZO(AS ;‘2“ =-90

]./( ’100;\ ?/DL\)\,’OQ ww%

’LOé%jo\@\L | =
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Transfer function — frequency response
RC circuit example

L(w)=20log T w- 20log VI w’+1

W [':rad/ sj
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Transfer function — frequency response
RC circuit example

L(w)=20log T w- 20log VI w’+1

L{iw

(
tfo!

) > 20log1- 20log 2~
w [rad/s] ) 5 o5

) 201log 10- 20log v101= 0

h

W =

o=
o

ﬂ\o ﬂ

) 20log 100- 201log 10001~ O

t~

LT) 201og0,1- 20log V1,01~ - 20

L 201 1- 201 1~ -4
(u) IOOT) 0log0,0 Olog v1,000 0
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Transfer function — frequency response
RC circuit example

30(“:% :cﬁd/\(i\:—? -L ¢ cp((n):arctan(Tl(D)\

o [rad/s]

B (07 gl b %I A

1
| 10007 100T 10T T T T T

03.12.2019 TM&AC, Lecture 9, Sebastian Korczak, only for educational purposes 42

10 100 1000




Transfer function — frequency response
RC circuit example

o (0)=arctan (TL)

W

N |a

o [rad/s]

1 10 100 1000
10007 100T 10T T T T T
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(
@|w

plo=—

Plw=

Q=

o(o=

Transfer function — frequency response
RC circuit example

l): arctan 1 =& =45°
T 4

1]9 =arctan%=0,1=5,7lo
120 —arctanﬁ—OOI 0,57°
:%):arctan 100020’00120;(20
lOT) arctan 10=1,47=284,29°
m):arctan 100= 156:&

o (0)=arctan (ﬁ)

o [rad/s]

e
2
=)
qe]
= I
— 4
=
=
a1
1000T

1 1 l 10 100 1000
100T 10T T T T T
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Transfer function — frequency response
RC circuit example

1
L(w)=20log T w- 20log VI’ 0w’ +1 ¢ (o)=arctan (ﬁ)
Bode plot
1 1 10 100
10T T T T
} > l
w [rad/s] 2

| w [rad/s]
1~ 1 1 1 10 100 1000
()= lﬁj\y 1000F 100T 10T T T T T
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Transfer function — frequency response

u,(t)=sin(wt)

Example:

0!

RC circuit example

U, (0

O

U2(t)I u,(t)=Asin(wt+eo)

@

o,

R=1kQ, C=10u

e ——

—

—
_—

' /

0

L{w) [dB]

-43

1000

100
w(log)



Transfer function — frequency response
RC circuit example

RC filter

u,(t)=Asin(wt+eo)

f—""——;_‘—>

L{w) [dB]

N
I Iy

2~ 5 g ~—te— 12 1 8

100

1000

nes
0.5

0.01 0.1 1 10

100

1000
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Transfer function — frequency response
RC circuit example

Hl(f):SiIlU)f RC filter Hz(f):ASin ((,l)f+q))

>/;//'\ ) ~

1 ~
(TR 5| (AT AT
G et
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Transfer function — frequency response
Example 2 - vibrating system
. j output

material point of V) \6 - k@“\/b&\*\ C(\/\ Y | displacement
mass m \I\ \

y(t)

linear spri

with stiffne t j @ .
/ u(t)
o

linear damper with input displacement
damping ¢
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Transfer function — frequency response
Example 2 - vibrating system

m |yl

\Q*Cﬂ*kﬁ s <G %L
YR ORI IE )+\<“{ <U(>\1~C5U5)
H(S) \{(S B \<*CS

| c

u(t)T

—_—

/

s tres e

(S&JB w SJC/Q) - k\& cw)( kw%cg

*W\C\) —\-C\BL\) e Q< —mW S‘V\‘ C ) “(””\L))‘-JCL)

o Jejealll ““inm oY+ o

Ukmw) *CL\)
C, Lecture 9, Sebastian Korczak, only for

I educational purpos




Transfer function — frequency response
Example 2 - vibrating system

m |y
my(t)res()rky(t)=cile)+kulr) % 10 o
+k
H(s)=—%"
ms +cs+k o
ke’ o —kmow’ - cmw’

(k— mce)Z)2 +c w’

—
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Transfer function — frequency response

Example 2 - vibrating system

1 m | yeof
Ns N

Plots for: m=300kg, ¢=800——, k=11000—— % L

m _

m

T _
\J
Q(OZQ Nyquist plot Q:O

ImG

-2.3
0.5 0 0.5 1 1.9 2
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Transfer function — frequency response

Example 2 - vibrating system

yof

gain plot k% =

u(t)T




Transfer function — frequency response

Example 2 - vibrating system

NSSNANNE m |l
é L

gainp%\

0.1

w(log)



Transfer function — frequency response
Example 2 - vibrating system

m | yof

k 1
phase plot with ,,atgg’ % S U(t)T

2 L] 1 1 ! 1 1 1 ! 1

0.01 0.1 1 10 100 1000
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Transfer function — frequency response

Example 2 - vibrating system

phase plot with@

ﬂ 1 ] T I

yof

u(t)T

Fifw)

0.01 0.1 1 10 100
w(log)

1000
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Transfer function — frequency response
Example 2 - vibrating system

m |yl

k -] c
Step response % U(t)T

A R —

T2 | =

0.6 R -
0.4 { &=

02 f _

03. 57
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Classification of basic automatic systems

Element

name Equation Transfer function
SUNN R,
proportional y(t) ku(t)
= == _—
first order dy (t)
(inertial) T7+y(t)=ku(t)
4
v(t)=k[ ult)de
0
integrator or ke
Thc——— S
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Classification of basic automatic systems

: Transfer
Element name Equation function
kel
L du (t)
derivative y (t ) = @
derivative with dylt) )=k dut) ks
— Inertia, at dt Ts+1
o B
\ \ €
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Classification of basic automatic systems

Element name Equation 'fl'l:ﬁgzi;er:
TER
delay yle)=ult- 1) " e tﬂ
X T ()
d’ylt dy\t
second order T% r 2( )+T2 d£ )'" k
— (oscillator) [ Tis +T,s+1
+y (t)=kult)
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Proportional element

———— e —

1. Element equation{ y(¢)=ku ¢ u(t) - input, y(¢) - output
—

. — \((5\ :\L‘U\&s>




Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
éjtitic characteristic (steady state): for CZ =0A % 0
R T

%:M N
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Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
. .y o dy du
2. Static characteristic (steady state): y=ku  for " =0n e =0

/@ for k>0
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Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
. .y o dy du
2. Static characteristic (steady state): y=ku  for " =0n e =0

1

/= for k>0
u

3. Transfer function:
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Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
. .y o dy du
2. Static characteristic (steady state): y=ku  for " =0n e =0

1

/= for k>0
u

3. Transfer function:  H (s)=k
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Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
. .y o dy du
2. Static characteristic (steady state): y=ku  for " =0n e =0

)1
/= for k>0
u

3. Transfer function:  H (s)=k

4. Step response: U(ﬂ :mo% @ ”(t):’“‘o
46) = M) - W) = w5
g ©-LTho 1= ku 1)
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Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
. .y o dy du
2. Static characteristic (steady state): y=ku  for " =0n e =0
vt

/= for k>0
u

3. Transfer function:  H (s)=k

4. Step response:  y(t)=ku,1(¢) for u(t)=u,1(t)
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Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
. .y o dy du
2. Static characteristic (steady state): y=ku  for " =0n e =0
vt

/= for k>0
u

3. Transfer function:  H (s)=k

4. Step response:  y(t)=ku,1(¢) for u(t)=u,1(t)
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Proportional element

1. Element equation: (¢ )=ku|¢) u(t) - input, y(z) - output
\/ —
. .y o dy du
2. Static characteristic (steady state): y=ku  for " =0n e =0
——— y |

/= for k>0
u

3. Transfer function:  H (s)=k
\E‘

4. Step response:  y(t)=ku,1(¢) for u(t)=u,1(t)

u())
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Proportional element

5. Frequency response:
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Proportional element

5. Frequency response: H (jw)=k

03.12.2019 TM&AC, Lecture 9, Sebastian Korczak, only for educational purposes
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Proportional element

5. Frequency response: H (jw)=k Plw)=k, O(w)=0

03.12.2019 TM&AC, Lecture 9, Sebastian Korczak, only for educational purposes
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Proportional element

5. Frequency response: H (jw)=k Plw)=k, O(w)=0

6. Nyquist plot:
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Proportional element

5. Frequency response: H (jw)=k Plw)=k, O(w)=0

6. Nyquist plot: 0Q(w
YATEEP o I for £>0

@
,\\\L<Q

P()
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Proportional element

5. Frequency response: H(jw)=k Plw)=k, O(w)=0

6. Nyquist plot: 0Q(w
YATEEP o I for £>0

P()

/. Bode plot:

03.12.2019 TM&AC, Lecture 9, Sebastian Korczak, only for educational purposes

75



Proportional element

5. Frequency response: H (jw)=k Plw)=k, O(w)=0

6. Nyquist plot: 0Q(w
YATEEP o I for £>0

P()

7.Bode plot:  4(w)=VP*+0’=|k]
L(w)=20log A(w)
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Proportional element

5. Frequency response: H (jw)=k Plw)=k, O(w)=0

6. Nyquist plot: 0Q(w
YATSTP ) I for k>0

P(o)

. o Dra _ Q_[0,dla k>0
/. Bode plot: A(Q))—\/P +() _|k| cp(oo)—arctanp {n,dla k<0}
L(w)=20log A(w)
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Proportional element

5. Frequency response: H (jw)=k

Plw)=k, O(w)=0

6. Nyquist plot: Q(w) I

P()

for k>0

7.Bode plot:  4(w)=VP*+0’=|k]
L(w)=20log A(w)

L(w) [dB]

20 log |k

w [rad/s]

cp(w)zarctan%Z{
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Proportional element

5. Frequency response: H (jw)=k Plw)=k, O(w)=0

6. Nyquist plot: Q(w) I

T

for k>0

7.Bode plot:  4(w)=VP*+0’=|k]

L(w) [dB]

L(w)=20log A(w)

20 log |k —

cp(w)zarctan%Z{

0,dla k= 0O
mt, dla k<O

w [rad/s]

w [rad/s]
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Proportional element
Examples

GEARBOX:
input — angular velocity w,(t)
output — angular velocity w,(t)
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Proportional element
Examples

GEARBOX:
input — angular velocity w,(t)
output — angular velocity w,(t)

GEARBOX:
input — rotation angle @.(t)
output — rotation angle @,(t)
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Proportional element
Examples

OPERATIONAL AMPLIFIER:
input — voltage v, (t)
output — voltage v.,(t)

R,
tlI=v, e[|l +—
Vz( ) V1() Rl
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Proportional element
Examples

input — voltage v, (t)
output — voltage v.,(t)

R,
tlI=v, ][ 1+—
Vz( ) Vl() Rl

BEAM in steady state:
input — force F,
output — force F,
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OPERATIONAL AMPLIFIER:
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Proportional element

Examples
|| X4(t) ‘ t X,(t)
t% HYDRAULIC LEVER:
— |\ - I~ input — displacement x,(t)
N — output — displacement x,(t)
— \\ /‘
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Proportional element
Examples

® [ Pt

HYDRAULIC LEVER:
input — displacement x, (t)
output — displacement x,(t)

@ YT PRESSURE ACTUATOR:

L input — pressure p,(t)
p(t) ‘ -‘- output — displacement x(t)

/
0 A = kb
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WolframAlpha

*WolframAlphaf computations.

E B B T = Examples =2 Random

Input interpretation:

4485

systems model transfer function
6+195+ 1152+ 753 4+ 2%
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[ a e | 8

86



WolframAlpha

R WolframAlpha sz
knowledge engine

[ partial fraction decomposition s/(s"3+4%s"2+5%5+2)

B E B8 T

Assuming "s" is a variable | Use as a unit instead

Input:

5
24+ 45245542

partial fractions

Result

5 __.2 2 1
53 4+4524554+2 s5+2 5+1 (s+1)7°
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= Examples == Random

En"i" Step-by-step solution
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WolframAlpha
¥ WolframAlpha o,

[ inverse laplace transform s/(s~3+ 4%572+5%5+2) =] ]

E D B D = Examples == Random

Assuming "s" is a variable | Use as a unit instead

Input:
i |

(£}
53+452+55+E]

_f:l [flﬁ]] (t) istheinverse Laplace transform of f(s) with real variable t

Result:

Tt {Er i LA & 2]
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WolframAlpha

LInit step response plot: Less time

Kare time

Unit step ¥

~—
CI.E_' /
D.?j

D.Ej

0.5k
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WolframAlpha

Myguist plot: | Show Myquist grid I [Shuw stability margins I

wiéﬁbﬁoﬁ)

__ Yis)

Llis)
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WolframAlpha

Bode plot
—_——

J

]
L
1

—20F .
T, .
—60 [ .

magnitude |

0.1 1 10

({degrees)

=

0.1 10 ¥is)

frequency H % Li(s)
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