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Lecture 8
Ly Laplace transform.

Transfer function.
Inputs and outputs in time domain.
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% Laplace transform \%k
fb |

Assumption: x (1) - si 2] uch that for t<0 x(t)=0




Laplace transform

Assumption: x (¢t ) - signal such that for t<0 x(t)=0

(0]

Laplace transform of x(t): X(S)ZL{X(I)}:I X(t)e—stdt
0
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Laplace transform

Assumption: x (¢t ) - signal such that for t<0 x(t)=0

Laplace transform of x(t): X(S)ZL{X(I)}:E X(t)e_ Stdl_
0

where: seC, s=o+jm, j=++1
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Laplace transform

Assumption: x (¢t ) - signal such that for t<0 x(t)=0

Laplace transform of x(t): X(S)ZL{X(t)}:f X(t)e_ Stdl_
0

Inverse Laplace
transform of x(t):

x(t)=L""{X(s)}=

where: se C,

1

S=0+jw, j:\/——l

1 e
- lim
23'5] 0)—>ooy_

w[ X\ —> X(JQB
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Laplace transform

Assumption: x (¢t ) - signal such that for t<0 x(t)=0

Laplace transform of x(t): X(S)ZL{X(I)}:E X(t)e_ Stdl_

where: seC, s=0+jw, j=-\t

) 1 ytjo S
ranstorm ot xt: X (£)=L"" X (s)}=5= jim X(s)e"ds

_JU)

A necessary condition for existence of the integral is that x(t) must be locally
integrable on t in <0, «).
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Laplace transform ¢ ot
{ e dt ==

Example 1
C te Laplace transform of x(t) function from definition.
-7t

| x(=e™ ) X)) = i{xﬁﬂ} Lfe B -

oo 2+ —¢t ~(L+o¥ a
— SQ c O\t 3 -2t 4 S S '

0 f 1 sQ'* S\ 0
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=an (L*s) ~ tl* s\
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= 0% e E;Ti
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Laplace transform

Example 1

Calculate Laplace transform of x(t) function from definition.

x(t)ze_m
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Laplace transform

1), 120 F(s)
d(t) unit impulse 1
](r] unit step ]_'r
1
! i
5
n!
fd el
s
B S
£ s+bh
b
=ht
g s(s+b)
sin{mt) 92:’-)03
cos(wt) 15 -
5 +m
w
sinh(w¢) =
5
cosh(wt) 3
s =
a-f(t) a-F(s)
x(e)+y(t) X(s)+Y(s)
x(t)*y(t) convolution X(s)¥(s)
dy(t)
g s¥(s)-»(0)
2
d”y(t) 2 oy _dv(0)
e s Y (s)—-sv(0) %
2" y(t) \ 2" y(0)  d"y(0) voi
— s ¥(s)= -5 —=_.=s5 7|0
dr" ETis) dr"™! a5 »(0)
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Laplace
transform
pairs

oe)te W
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| (ﬂjrgo

\3(7) \unit impulse

@n it step

sinh(w¢?)

HQV\‘s}[a\ 0 /j_(%)
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Properties of Laplace transform




Propertles of Laplace transform cont.

Lge- o

U)oy (s)-pl0)

d? (f) Tl | dym)
o |l (s)-sy(0) =57

e O
| —————
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Properties of Laplace transform cont.




Properties of Laplace transform

flz), =0 F(s)

a-f(t) a-F(s)

x(t)+y(t) X(s)+Y (s)

x(t)*y(#) convolution X(s)-Y(s)

@d—?) sY (s)—y(0)

d—;%ﬁ S Y(S)—Sy(O)—dydEO)

— 7 (s)- L0l L0 1y
J sl Als)

[ |..] f(t)at F(”S)

f(t—1) e “F(s)
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Laplace transform

Example 2

Solve equation for a given initial conditions using Laplace transform.

£y(t) ., dvlr) @ dy(0)
x 3= 2y(t) T 21/ y(0)=£3} > 0




Laplace transform

Example 2

Solve equation for a given initial conditions using Laplace transform.

Syle]  dylo (0]

2
M) -35 -1 35 I+ 2 Y - 5 -
Y (5) (Sm“%s ’flS ‘-’@A«%s—ﬂr [S
() (s> -5s 15) =] +35"-1s
3 5L-js+7

|
\{(5): ’>l 1
S +Zs/
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Laplace transform

Example 2

Solve equation for a given initial conditions using Laplace transform.

(dzdj;z(t)?, d):{if)_l_zy(t) 1(1), " :2,);(0):3,120

after Laplace

transformation
after partial fraction 1\1 1 1AN1
decomposition/expansion Y (s) s 3 P N

after inverse

Laplace
\ transformation/Q
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?é

For LTL SISO, system with continuous input x(t) and
output y(t) for zero initial conditions, transfer function

IS a ratio of the output of a system to the input of a
system described in complex domain by the Laplace

transformation.

Transfer function — definition W
®

OuUTPIN

J{,ﬂt@

B X(s) \N Q\)\\
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Transfer function form

m _m m-1
Standard form: H(s):b S +b, .S +..+b;s+b,

as'+a, .S

Factored form: H(Sg ;1522: ;2))”.((55_— j;n)) |
s po)ee(s-pa)

H (S‘Za\\40 Ez‘;’/;ﬁo@

D, Dy, ..., P, -Ppoles D
| <— STABILI|
HKS:QDQB/AN T
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Drawing of a transfer function

H(s)

for every_se C
there is H(s)e C J"\A\&
—_—

D e
oL
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Drawing of a transfer function

o

H(s)=[H ()" s=ojo
for every se C for every se C for every|se CJ
there is H(s)e C thereis |H(s)[er  thereis Arg H(s)e R
&/ T e—

1) A 50
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Drawing of a transfer function

Example
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Drawing of a transfer function

Example

_ 2-s5 5- 2
H(s)—s3+52_ 2 (s- 1)(s+j+1)(s- j+1)

Poles: p,=1, p,=-1-j, p;=- 1+j Zeroes: z,=2
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Drawing of a transfer function

Example

Poles: p,=1, p,=-1-j, p;=- 1+j Zeroes: z,=2

25 vO

I (s)] v”
20
1 o MR
N
10 -
5 F 3
0.3 - *
& 5 — Im s
0 = )
. 2
Re S 3-3
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Drawing of a transfer function

Example

-1

=2

Zy

/.eroes:

- 1+j
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Drawing of a transfer function

Example

Poles: p,=1, p,=-1-j, p;=- 1+j Zeroes: z,=2

ArgH(s) ’Ff \ \
T— | »
iy 2
8 1 Im s
Re s > 2
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Input and output KM {)
: .

Y (s) "—15ilfﬂi~_}L“‘ﬁ>

X (s)

Transfer function: | H(s)=
\(s) = H1(s§ X[s) . .
Lﬁ(ﬂ: A {H(S\ 'Y(S\H = J iH(s\S %(4 {X(j)} -

- D sylt)

(:M()U\\ge P{_}SfD'\S €,




Input and output

Y (s)
X (s)

Transfer function:  H(s)=

Laplace transform of output: v (s)=H{(s) X (s)
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Input and output

Y (s)

Transfer function: H(s):X( |
S

Laplace transform of output: v (s)=H{(s) X (s)

Output in time domain:  y(¢)=L '{Y(s)]
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Input and output

Y (s)
X (s)

Transfer function:  H(s)=

Laplace transform of output: v (s)=H{(s) X (s)
Output in time domain:  y(¢)=L '{Y(s)]

y(t)=L"{H(s)X(s)}=L"{H(s)}x L' (X (s)}=h{t) x(t)
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Input and output

Y (s)
X (s)

Transfer function:  H(s)=

Laplace transform of output: Y(s)=H(s)X(s)
Output in time domain:  y(¢)=L '{Y(s)]
y(t)=L""{H(s)X(s)}=L"{H(s)}+ L' {X(s)}=h(t)« x(t)

h(t) - system impulse response ( y(t) when x(t)=9(t))
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Input and output

Convolution h(t)= x(t):{k T)h(t-
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Convolution
h(t)- x(t>:j; x(t)h(t- t)dT

x(t) o | h(r) - y(t)=h(t)x x(t)=?

——————
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Convolution
h(t)- x<t>=j; x(t)h(t- t)dT

x(t) ‘ w - y(t)=h(t) x(t)="

-
L)

I >

+

fl
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Convolution
h(t)- x<t>:j; x(t)h(t- t)dT

) — lf\\) 0

N

h(t) x(t)="

s

: I

h(t)
X N >

/
| g AN
| . , :
[ ' - ]
! | X X ,ilk ‘ >= /A——%/(\‘ :.
I . A //\_,z\:/_%n\r//,
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Convolution

h(t)- x(t)ZjZ x(t)h(t- t)dT

x(t) g lf@ - y(t)=h(t) x(t)="

~

A

-+

A ,

!
!
B!

-+

/\—;

s
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Convolution
h(t)- x(t)ZjZ x(t)h(t- t)dT

x(t) . w ~y(t)=h(t) x(t)=

Qe

I~

FASGE

-+

A ,

I
]

-+

/\—;
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Convolution

(e}

h(t)s x(t)=[ x(t)h(t- T)d=

x(t) g w - y(t)=h(t) x(r)=?
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Input and output

time domain

x(t) - h(t) -y (t)=h(t) x(t)
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Input and output

time domain

) ——f i - y(0)=h(t)- x(0)

complex domain ]
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Input and output

time domain

x(t) - h(1) -y (t)=h(t) x(t)

complex domain
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Input and output

time domain

complex domain

26.11.2019 TM&AC, Lecture 8, Sebastian Korczak, only for educational purposes 44



Input and output

h(t) a(t)

impulse response step response
y(t) for x(t)=8(t) y(t) for x(t)=1(t)
x(t) ! .
A al /> _ZL Y

Na(o)

| \,<h(t) t t
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Exemplary input signals

(N\oinput: x(t)=0
f

0, t<0
Kijnit impulse (Dirac delta pseudofunction): 8(t)={e, t=0
_—

Unit step function (Heviside step function):| 1
H(t)or1,(t) —  —

_[o, t<0

Ramp function: x|t
P ( ) t, t>0

Harmonic function:

——

-
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System step response

input: x(t)=a 1(¢t) transfer function: H(s)  output: y(t)="?

1 Y(s)=X(s) H(s)

y(t)=L""{Y(s)]
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_Car on a flat surface

{ m —mass
t) — driving force,

d(t)=c*v(t) — air ressistance,

v(t) — velocity




Step response — example 1

Car on a flat surface f(t) d(t)

m — mass, ‘ m |y < 7 (t)

f(t) — driving force, 1% _

d(t)=c*v(t) — air ressistance, m dr f<t>‘ d (t>

v(t) — velocity
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Step response — example 1

Car on a flat surface

m — mass,

f(t) — driving force,
d(t)=c*v(t) — air ressistance,
v(t) — velocity

<o

£(t)

—_—

d(®

m

dv(t)
dt

f(t)-d(t)
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Step response — example 1

Car on a flat surface - f(t) d(t)
" —_m erllf’/lsn orce o O - d
1(er(J((’2)=c(1v(t)gfair re,ssistance, m ‘;,(:):f(ﬁ‘ d(t>
v(t) — velocity
‘.
dv(t) _
1 ot m—==ft)-cvlt) 4
o msV(s)=F(s)-cV(s) %
_Vis)_ 1
l‘: H(S)_F(S)_ms+c
ft)=fo1(2) V(s)=H(s)F(s)= 1
()= 1 | ms+c
Fls)=f,—
Vs 1) Jo _.alfo cedm  |_Jfo
Pl (o

ms+c
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Step response — example 2 (( (¢]-¢. J(JQJ

SIS




Step response — example 2

U 'r'):q[:r:) 1 fidr=LfH—Rdr=LRfuzdr

clt c C

26.11.2019 TM&AC, Lecture 8, Sebastian Korczak, only for educational purposes 53



Step response — example 2

S~ Ub 5)
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Step response — example 2
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Step response — example 2

%Uz[j_s}ﬂUz(_s}:sUI,[ﬁ_s} T=CR
. [/TZ[S' Ts
s | =————
_ Drl[__SJ 1 —|—TS
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Step response — example 2

26.11.2019 TM&AC, Lecture 8, Sebastian Korczak, only for educational purposes

o7



Step response — example 2

@)
O

C
®

ye

=

ul(r)za*l[r),

U, ls)=U,[s)Gls| =a—

1 . ,
" . 1
Tade v T
—1 a

F&‘\HE[I)LIIDTS[S”GE’T
y s ;L L
ST \ t
Sro | = W

I
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Computer methods
for transfer function analysis

Exemplary computer algebra systems:
« Maxima/wxMaxima (free and open source)

« Wolfram Mathematica (http://www.wolfram.com/mathematica/)

« Mathcad o

« Website: www.wolframalpha.com

 MALA —

(en.wikipedia.org/wiki/List_of computer _algebra systems)

Spreadsheet for graphs (Excel, LibreOffice Calc)

_
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WolframAlpha

3 WolframAlpha sz
N knowladge engine
| transfer function (8*s5+4)/(2*574+7%5"3+11%5"2+19%5+6) —

BB E AT = Examples =2 Random

Input interpretation:

. 44+ 8Bs
transfer function ‘

systems model
6+195+ 1152+ 753 4+ 2%
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WolframAlpha

Unit step response plot | Less time | | More time | | Unit step ¥ |
o8}
o7}
[ il
06
05t
1 1 1 1 1 t
5 10 15 20
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