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Lecture 8
Laplace transform.

Transfer function.
Inputs and outputs in time domain.
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Laplace transform

Assumption: x (¢} - signal such that for t<0 x(t)=0
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Laplace transform

Assumption: x (¢} - signal such that for t<0 x(t)=0

Laplace transform of x(t): X(S):L{X(t)}:‘of X(t)e_Stdt
0
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Laplace transform

Assumption: x (¢} - signal such that for t<0 x(t)=0

Laplace transform of x(t): X(S):L{X(t)}:‘of X(t)e_Stdt
0

where: s€C, s=o+jw, j=v-—1

26.11.2019 TM&AC, Lecture 8, Sebastian Korczak, only for educational purposes



Laplace transform

Assumption: x (¢} - signal such that for t<0 x(t)=0

Laplace transform of x(t): X f X o~ dt

where: s€C, s=o+jw, j=v-—1

Yy+jw
inverse Laplace ()11 ( X (s)}=——1lim | X(s)e”ds
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Laplace transform

Assumption: x (¢} - signal such that for t<0 x(t)=0

Laplace transform of x(t): X(S):L{X(t)}:‘of X(t)e_Stdt

where: s€C, s=o+jw, j=v-—1

ytjw

1 lim X(s)e™ds
ZTE]m-Moy i@

Inverse Laplace ( )
transform of x(t): X \{

A necessary condition for existence of the integral is that x(t) must be locally
integrable on tin <0, «).
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Laplace transform

Example 1

Calculate Laplace transform of x(t) function from definition.

x(t)=e
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Laplace transform

Example 1

Calculate Laplace transform of x(t) function from definition.

x(t)=e ™
X(S):L{ —Zt}:f e—Zt —stdt_J" e—(2+s)tdt:
0 0
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Laplace transform
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Laplace

transform
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Properties of Laplace transform

x(t)*y(t) convolution | X
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Properties of Laplace transform cont.

7 n—1 n—2
dtn dfn dtn
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Properties of Laplace transform cont.

| f(2)dt il
(

[[..[r()a £

Ly S

f(t—7) e " F(s)
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Properties of Laplace transform

f(t), t=0 F(s)

a-f(t) a-F(s)

x(t)+y(t) X(s)+Y(s)

x(t)*y(¢) convolution X(s)-Y(s)

dy (1

7 sY (s)=y(0)

Mdtzﬂ S Y(S)—Sy(O)—dydgo)
Lo 7 (s)- O Ly O (g
J ri)ar F(s)

| [..] f(t)at F(”S)

f(t—) e ""F(s)
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Laplace transform

Example 2

Solve equation for a given initial conditions using Laplace transform.

1
N
<
=

ll
Lo

~

V

-
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Laplace transform

Example 2

Solve equation for a given initial conditions using Laplace transform.

1
N
<
=

ll
Lo

~

V

-
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Laplace transform

Example 2

Solve equation for a given initial conditions using Laplace transform.

1
N
<
=

ll
Lo

~
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-
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Laplace transform

Example 2

Solve equation for a given initial conditions using Laplace transform.

dZY(t)_de(t)+2y(t):1(t) ’ dy_(()) 2, y(O)ZB, t=0

dt’ dt dt
,
after Laplace Y(s)= 1—-75+3s
transformation s(s—1)(s—2)

after partial fraction 11 1 1 1
decomposition/expansion Y(S) -4+ —

2'S s—1 2s-—2
after inverse 1

1
Laplace — = t_ - 2t
transformation y(t) ) 1<t)+3€ ) €
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Transfer function — definition

For LTI SISO system with continuous input x(t) and
output y(t) for zero initial conditions, transfer function

Is a ratio of the output of a system to the input of a
system described in complex domain by the Laplace

transformation.
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Transfer function form

m _m m—1
b s +b, ;s +..+b;s+b,

Standard form:  {(s) - -
as+a, s +..+a,s+a,

(s—z,)(s—2z,)...(s—z,)
(s—py)(s=p,)...(s—p,)

Factored form: H(s):

Zl, Zz, soo y Z _Zeroes

m

pl, p2) cee) pn -POIES
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Drawing of a transfer function

f{(S) S=O0+jw

for every s€C
there is H(s)eC
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Drawing of a transfer function

H(S):‘H(S>‘€jargH<S) S=0+jw
\/
for every s€C for every s€C for every s€C

thereis H(s)€C  thereis |[H(s)|€R thereis Arg H(s)€R
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Drawing of a transfer function

Example

_2-s _ s—2
H(s)= Pas?—2 (s—1)(s+j+1)(s—j+1)
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Drawing of a transfer function

Example

_2-s _ s—2
H(s)= Pas?—2 (s—1)(s+j+1)(s—j+1)

Poles: p,=1, p,=—1—j, p,=—1+]j Zeroes: z,=2
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Drawing of a transfer function

Example

Poles: p,=1, p,=—1—j, p,=—1+j Zeroes: z,=2

10

-2 : z
= — _ Im s

Re S 3-3
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Drawing of a transfer function

Example
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Drawing of a transfer function

Example

Poles: p,=1, p,=—1—j, p,=—1+j Zeroes: z,=2

Arg H (s)

e B N B N & m

Re S 2 -2
3 -3
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Input and output

Y (s)
X(s)

Transfer function:  H{(s)=
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Input and output

Y (s)
X(s)

Transfer function:  H{(s)=

Laplace transform of output: v (s)=H(s) X (s)
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Input and output

Y (s)
X (s)

Transfer function:  H{(s)=

Laplace transform of output: Y(s)=H(s)X(s)

Output in time domain:  y(¢)=L'{Y(s)]
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Input and output

Y (s)
X (s)

Transfer function:  H{(s)=

Laplace transform of output: v (s)=H(s) X (s)
Output in time domain:  y(¢)=L'{Y(s)]

y(t)=L"{H(s)X(s)]=L""{H(s)}*L [ X (s)}=h(t)*x(t)
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Input and output

Y (s)
X (s)

Transfer function:  H{(s)=

Laplace transform of output: Y(s)=H(s)X(s)
Output in time domain:  y(¢)=L'{Y(s)]
y(t)=L"(H(s)X(s)}=L"'[H(s)}*L'[X (s)}=h(t)*x(¢)

h(t) - system impulse response ( y(t) when x(t)=0(t))
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Input and output

Convolution h f x
0
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Convolution
h(t)*x(t)ZJ(: x(t)h(t—7)d~

x(t) > w —» y(t)=h(t)*x(t)="
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Convolution
h(t)*x(t)ZJ(: x(t)h(t—7)d~

x(t) > w — y(t)=h(t)*x(r)=?

>
+

>
+

_a
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Convolution
h(t)*x(t)Z{ x(t)h(t—7)d~

x(t) > w —» y(t)=h(t)*x(t)="
A/\/t ' g
. Tf\_ _ T/\‘ R
- T A A /\ g

LT AN .

A
| > X /\.>: L >
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Convolution

* X t):]: x(t)h(t—7)d~

2
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Convolution
h(t)*x(t)ZIx(r)h(t—r)dr

x(t) > w >y (t)=h(t)*x(t)="

3

al

.

s
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Convolution
h(t)*x(t):]jx(r)h(t—r)dr

x(t) >~ w — y(t)=h(t)xx(t)=
A/\/\ - > V/\/‘\_\ »
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Input and output

time domain

x(t) >  h(t) ——y(t)=h{t)*x()
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Input and output

time domain

x(t) - h(t)  f——y(t)=h(t)*x(t)
A e e

\J \/

X (s) > H(s) |—»

complex domain
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Input and output

time domain

x(t) >  h(t) ——y(t)=h(t)*x()
] R e e

\J \J

X(s) =  H(s) —Y(s)=H(s)X(s)

complex domain
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Input and output

time domain

x(t) o h(t)  |——y(t)=h(t)*x(t)
A
cl ] c | s
\/ \/
X(s) > H(s) |——»Y(s)=H(s)X(s)

complex domain
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Input and output

h(t) a(t)

impulse response step response
y(t) for x(t)=9(t) y(t) for x(t)=1(t)

X A
10 RN

/ \a(t)

| \,<h<t) g t
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Exemplary input signals

No input: x(t)=0

0, t<0
Unit impulse (Dirac delta pseudofunction): §(t)= 0, t=0
0, t>0
Unit step function (Heviside step function): 1(t)= (1)’ t<8
H(t) or 1,(t) , 12
Ramp function: x(t)= 0, <0
t, t>0

Harmonic function: x(t)=asin(wt)

26.11.2019 TM&AC, Lecture 8, Sebastian Korczak, only for educational purposes 46



System step response

input: x(t)=a-1(¢) transfer function: H(s)

|
0

output: y(t)
Y(s)=X(s)-H(s)

y(t)=L" (Y (s)]
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Step response — example 1

Car on a flat surface

m — mass,

f(t) — driving force,
d(t)=c*v(t) — air ressistance,
v(t) — velocity

<o

£(t)

—_—

d(t)
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Step response — example 1

Car on a flat surface

m — mass,

f(t) — driving force,
d(t)=c*v(t) — air ressistance,
v(t) — velocity

<o

£(t)

—_—

d(t)
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Step response — example 1

Car on a flat surface

m — mass,

f(t) — driving force,
d(t)=c*v(t) — air ressistance,
v(t) — velocity

<o

£(t)

—_—

d(t)
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Step response — example 1

Car on a flat surface f(t) d(t)

m — mass, ‘ m |y - g (t)

f(t) — driving force, \% _

d(t)=c*v(t) — air ressistance, m dr f (t)_ d (t)

v(t) — velocity

O input = (0=evl)
fo msV(s)=F(s)—cV(s)
_Vis)_ 1
= =) Tmsre
f(t)=fol(t) V(s):H(S)F(S)Zm51+C fo s(ms+c)

F(s)= fol C
S | fo _r—1 fo c/m _& _e_at
vit=L [S(ms+C) i {C S(S+C/m)]_c (1 )

26.11.2019 TM&AC, Lecture 8, Sebastian Korczak, only for educational purposes 51



Step response — example 2
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Step response — example 2
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Step response — example 2
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Step response — example 2
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Step response — example 2

%UZ[;S)—I—‘sUz[;S):SUI,[;S) T=CR
| ﬁi—Uz[.S}_ s
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Step response — example 2

Is i(El

o T
_ o
Gls)= 1515 '}
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Step response — example 2

Is i(El

ne o ] | o
G["S" 1+7s ICI
U, () RIT U,®
ul[:r)za*l[:r), © I ©
- o o 1
DZ[,S_)ZDI,[,S_)-G[S) =a 1 A
s+ —
T

—1

uz[:r) =11 [ U. [: S” Zae?

v
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Computer methods
for transfer function analysis

Exemplary computer algebra systems:

* Maxima/wxMaxima (free and open source)

* Wolfram Mathematica (http://www.wolfram.com/mathematica/)

* Mathcad

* Website: www.wolframalpha.com

(en.wikipedia.org/wiki/List_of computer algebra systems)

Spreadsheet for graphs (Excel, LibreOffice Calc)
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B e A D

Input interpretation:

WolframAlpha

& WolframAlpha ez
knowledge engine
transfer function (8*s+4)/(2¥5"4+7%s"3+11%5"2+19%5+6) =

= Examples =2 Random

systems model

transfer function

4485

6+195 +11s52 + 753 +25%
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WolframAlpha

Unit step response plot Less time | | More time | | Unit step ¥
o8}
o7}
[ -V
06
05}
1 1 1 | 1 t
5 10 15 20
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