\ I‘aculty of Automotive
K and (Construction

Machinery l:ngineering

WARSAW UNIVERSITY OF TECHNOLOGY

Theory of Machines and Automatic Control
Winter 2019/2020

Lecturer: Sebastian Korczak, PhD Eng.



Lecture 5 cont.

Dynamics of planar mechanisms.
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N Dvnamics of planar mechanisms
\%\\\\\ Inverse dynamics problem

ulati f forces and torques that cause given motion of a mechanism
Kinet %tatics))

0. Mechanism and it's geometry, driving and operating forces/torques,
displacement, velocity and acceleration functions are given.

1. Calculation of inertia forces and torques acting moving members of the
mechanism. R

2. Decomposition of the mechanism with reaction disclosure.

\

3. Write down _vector sums of external forces, reactions and inertia forces
(d'Alembert equations):. —

4. Solve the equations with graphical and/or analytical method.

\/
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Dynamics of planar mechanisms
Inverse dynamic problem — example

Given:
eometry, mass, center of
d mass,
a mass locations, mass
moments of inertia for all
mechanism members,
constant angular velocity

w of a driven element,
operating force P.

-
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Dynamics of planar mechanisms
Inverse dynamic problem — example

velocity scheme
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Dynamics of planar mechanisms
Inverse dynamic problem — example

-

. €
acceleration scheme
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Dynamics of planar mechanisms
Inverse dynamic problem — example

[]C>

inertial forces and torques B
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Dynamics of planar mechanisms
Inverse dynamic problem — example

inertial forces and torques
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Dynamics of planar mechanisms
Inverse dynamic problem — example

inertial forces and torques
+

external and operating
forces and torques
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Dynamics of planar mechanisms
Inverse dynamic problem — example

Structural decomposition

f;/ Is.a; \L) N %
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Dynamics of planar mechanisms
Inverse dynamic problem — example

Unknown
reaction forces
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Dynamics of planar mechanisms
Inverse dynamic problem — example

—
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Dynamics of planar mechanisms
Inverse dynamic problem — example

> n =t - - - = n =t .
RBZ+RB2+BC2+BC3+P+RE3+RE3_O
—— - . ——
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Dynamics of p(lfwechanisms b
Inverse dynamig problem — exampl
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Dynamics of planar mechanisms
Inverse dynamic problem — example
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Dynamics of planar mechanisms
Inverse dynamic problem — example
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Dynamics of planar mechanisms
Inverse dynamic problem — example
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Dynamics of planar mechanisms
Inverse dynamic problem — example
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Dynamics of planar mechanisms
Inverse dynamic problem — example

l...
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Dynamics of planar mechanisms
Inverse dynamic problem — example
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Lecture 6

Machine dynamics.

Reduction of masses and forces.

Machine equation of motion.
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Machine dynamics
Overview

iﬁﬂ = I/ =

e

Machine — a tool containing one
or more parts that uses energy to

perform an intended action.

Machines are assembled from

components.

source: wikipedia.org, The Boulton & Watt Steam Engine, 1784
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Machine dynamics
Overview

angular velocity

A 4

[

steady-state stopping time
motion
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Reduction of masses and forces
ldea of reduction

complicated
X, (t)=F,(x;,x,,...,t)
%,(£)=F,(x,,%,,...,t)

X (t)=F (x;,X,,...,t)
+constraints
+ limitations

Source: James Albert Bonsack (1859 — 1924) - U.S. patent 238,640
cigarette rolling machine, invented in 1880 and patented in 1881
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Reduction of masses and forces

|dea of reduction

Zzgd.
e N g &
S = -\
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Source: James Albert Bonsack (1859 — 1924) - U.S. patent 238,640
cigarette rolling machine, invented in 1880 and patented in 1881

M=,

simpler, but
not always
possible
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Reduction of masse%

Kinetic energy

Total kinetic
energy
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Reduction of masses
Kinetic energy

reduced

Total kinetic mass

energy
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Reduction of masses
Kinetic energy

T = 1 m, v;

2/

reduced

T mass

Total kinetic ~ g
energy

r=y (lmiviz+lliooi2) 1 ,
iz1 \2 2 T 5 I Jo

reduced moment
of inertia
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| Reduction of forces
TSystem power

Total system's
power

P(F, M, ,w,v,,...)
Z

—

——— >
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Total system's
power

P(F,M., w.,v,,..)

12.11.2019 TM&AC, Lecture 5,

Reduction of forces
System power

reduced
force

Sebastian Korczak, only for educational purposes
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Reduction of forces
System power

P=F_v,

reduced
force

Total system's ~ o
power

P(F,M., w.,v,,..)

reduced torque

——
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Reduction of masses — details
Kinetic energy

n — translating
elements

k — rotating
elements

P2 Va

V"
J— |- i . T i , ’1
P \/b ~ u’k
= N T )
Ly & W é i&) Wy
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Reduction of masses — details
Kinetic energy

n — translating

n k
S 1 2 1 2 elements
T—Zl—mi"i"’z_:l_ljw' k — rotating
. = elements
n k
1 1 2 2
—m.v.= —m.v.;+ — 1.,
2 ror o 2 171 j:12 J ]
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Reduction of masses — details
Kinetic energy

n — translating

"1 “1q elements
— —_ 2 — 2 [ ]
T‘Zl mi"i"'zl I;o; k — rotating
i= =
/ elements
k
1mv—nlmv2+ Ioo2
r'r— PR AS TV
2 2 D 22
2 2
n Vi k U)j
mr_z mi—2+2 Ij 2
i=1 V., j=1 V.
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Reduction of masses — details
Kinetic energy

n — translating

S 1 2 1 2 elements
T—Z_:l —mi"i"’z_:l_[j(“' k — rotating
. = elements
n k n k
1 2 2 1 2 2 1 2
—mv.=yY —m.v.+y —1.0 —I .= —m.v.+ —I.m.
2 r r . 2 1 1 j:1 2 ] J 2 r r iZ:1 1 1 jZ:1 2 J i
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Reduction of masses — details
Kinetic energy

n — translating

1 7 1 ’ elements
T‘Zl_mivi"'zl_lj‘” k — rotating
1= =
/ elements
k n k
1 " 2 2 1 ) 2 1 2
Emrvr— Emivi+ EIJ(DJ Elrwr—z —mvi+y EIJ(DJ
i=1 j=1 i=1 =1
2 2 2 2
n i k U)j n vl k (Dj
m.=y m—+y I,— L= m—+y I,—
i=1 Vr j=1 Vr i=1 U)r j=1 (Dr
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Reduction of masses — details
Kinetic energy

n — translating

"1 “ 1 elements
— - 2 — 2 ]
T—Zl ) mi"i+zl > 1; k — rotating
i= =
/ elements
k n k
1 " 2 2 1 ) 2 1 2
Emrvr— Emivi+ EIJ(DJ Elrwr—z —mvi+y Eljwj
i=1 j:]- i=1 j:l
n 2 k 2 n 2 k 2
m=y molyy [ 2 [ =%y misyy 2
r Z i 2 Z Jj .2 r Z ) Z j o2
i=1 V., j=1 V., i=1 (x)r j=1 (Dr

v., o — arbitrary chosen velocities
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Reduction of forces — details
e

Work
| n — translating
. k elements
B dW= Z P,ds,cosq, +Z M;do; — rotating

o
il = T~ ~ elements
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Reduction of forces — details
Work

n k
dW =)' P,ds,coso,;+) M dg;
=1

Jj=1

k

P ds,=% Pds,coso+y M;do;
i=1 j=1
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n — translating
elements

K — rotating
elements
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Reduction of forces — details

Work
n — translating
k elements
dW Z P dS COS O.. +Z M. d(pj k — rotating
=1 elements

P ds,=% Pds,coso+y M;do;
=1 =1

n d k

P.=y P.—
Zl ’ds

do,
J ds,
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Reduction of forces — details

Work
n — translating
k elements
dW Z P dS COS O.. +Z M. d(pj k — rotating
=1 elements

P ds,=% Pds,coso+y M;do;
=1 =1

P. ” P.— : dcp
Zl ’ds I ds,
" v.dt - W, dt
P = | | |
T4 v dt 2 v dt
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Reduction of forces — details
Work

k

dW = Z P.ds,cosa,+y M do;,

j=1

P ds,=% Pds,coso+y M;do;
=1 =1

P, : P — : 49,
Zl ’ds I ds,
" v.dt - W, dt
P = | | |
T4 v dt 2 v dt
n k
P = P.ﬁcosa.+z M.&
r Z: lvr i = j v,
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n — translating
elements

K — rotating
elements
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Reduction of forces — details

Work
n — translating
k elements
dW Z P dS COS O.. +Z M. d(pj k — rotating
=1 elements

k n k

P ds,=% Pds,coso+y M;do; M,dg,=y P.ds,coso,+y M.deo,
=1 =1 i=1 =1

" ) d " ds. X do,
P=x P’ds Jd;p M=% Prdq, idg,
P =£ P, vidt cosoc.+zk: .mjdt M :i P, vidt : w, dt
T4 v dt 2 vt T4 To, dt “ 7 w,dt
n k o, . L o
k Z: _rcosa+z M;— v M, le _cosa, +121M WJ
\\ - — E———
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Reduction of masses/moments of inertia

n 2 k 2 n 2 k 2
m :Z m.£+2 I.& I :Z m _i+z I &
\r i=1 lv’% j=1 ! v’% \r i=1 l(l)l% j=1 J (DE
Reduction of forces/torques
B n Vi k (Dj n vi k ;
P.=% P,—cosa+) M,— M,=Y P,g-coso,+y M -
|\ i v, j=1 v, ~ = r j=1 r
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d[fa)d g

Machine equation of motion
0‘8/ Linear motion

d(Fmyt) =Fdx s
_/’_dw\v“—.\_;’zw\}/v O\\/:F“A\z d({.)
x v
= o, ‘-j%' +M%Jv =Fdx %m,(t),o_(_(\:{f//{
dv. _
%V:\D{ Mt T

. / "o
! = gl —> V‘“Oﬁ‘:‘; (wy:ﬁ)
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Machine equation of motion
Linear motion

elementary V(1)

change of kinetic
energy \ elementary
dl =dW —— work

1
complete d(zm(t)v(t)z)zlj(t)dx
differential 1

of kinetic Edm(t)v(t)2+m(t)v(t)dv(t)ZF(t)dx
energy ax(o)
~dm(t)v(t)’+m(t) ” dv(t)=F(t)dx
dm(t) v(t)?  dv(t)
T .
dm(t) v(t dv(t
i 2 Mg =Fl
dv(t)
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Machine equation of motion
Angular motion

o(t) I(t)
dT =dW
d(I“)(Zt>2):M(t)dcp
dI(t)oo(t ): (t)
d 2 jd.t_\
dIt mét +I(t)d(gt<t):M()
h_—_-’——a(u(t)

if I=const. I
if = 7
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Reduction of masses and forces
Rolling wheel (without a slip)

M
/\ Given: m — wheel's mass,
I, — wheel's mass moment of inertia in point O,

r wheel's radius,
— torque.

A U
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Reduction of masses and forces C_%j: A

Rolling wheel (without a slip)

F//////

M

/—\ Given: m — wheel's mass,
I, — wheel's mass moment of inertia in point O,
r— wheel's radius,
M - torque. /V((J(>

Assume: \1\/ - (A)\‘J

velocity of the wheel's center,

/ K%/ / é_—angularvelocity of the wheel.
Thop dmr L’ NG g
4, =My LY
Ayt )= M T S ot
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Reduction of masses and forces
Rolling wheel (without a slip)

M
/\ Given: m — wheel's mass,
I, — wheel's mass moment of inertia in point O,

r— wheel's radius,
M — torque.

- Assume:

/ % )V ~ v — velocity of the wheel's center,

w — angular velocity of the wheel.
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Reduction of masses and forces
Rolling wheel (without a slip)

M
/\ Given: m — wheel's mass,
I, — wheel's mass moment of inertia in point O,

r— wheel's radius,
M — torque.

- Assume:

/ % )V ~ v — velocity of the wheel's center,

w — angular velocity of the wheel.
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Reduction of masses and forces
Rolling wheel (without a slip)

M
/\ Given: m — wheel's mass,
I, — wheel's mass moment of inertia in point O,

r— wheel's radius,
M — torque.

- Assume:

/ % )V ~ v — velocity of the wheel's center,

w — angular velocity of the wheel.

T=%mv2+%lom2 but v=owr P=Mw
v M
1,1 v 1 Ip\ .1 P=M-="—=v=F,v
T—Emv+§IO—2—§ m+— [vi=—m.v ror
r r
=M
I, oor
m,=m+—;=const.
r d
dt r2 dt r
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Reduction of masses and forces — quiz

m, — total mass m, — total mass
m_, — reduced mass m_, — reduced mass

m, = m

rnr1 <
T———

2
mr2
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Reduction of masses and forces
Example 1

In this example a drum winch is analyzed. It consist of:

. electric motor EM, which generates torque as a function of angular
velocity w: M=A-Bw where A and B are given constants; rotor moment of
Inertia is equal to Im;

. two stage gearbox GB (reducer) with given gears moments of inertia I, 1,,
I3, ly; shafts moments of inertia are equal to IS; gears ratio are given as

i1=w2/w1 and i2=w /W

« winch's drum has‘zaiameter D and moment of inertia Id; drum is set on two
ball bearing that generates resistance M, assumed to be constant;

« Inclined plane with angle a related to the horizon line;

. box of weight G pulled up with winch. Friction between object and inclined
plane is represented as dry friction with uy coefficient.

12.11.2019 TM&AC, Lecture 5, Sebastian Korczak, only for educational purposes
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Reduction of masses and forces ... D
V=047

=A%

B,

.—?
=
=

n
: : : ~
\\\I‘I\\?\

G
s
N\
©)

Al I
(T\:ifq'.—ﬁ(.fy)l" ol ’\,,~'—“I e
FLo T (G (LT T o+ (LT ),
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Reduction of masses and forces
Example 1

M
EM Wy GB
s Il "\
)T 4 T
| /u% a 0.
T~ 4 T oAl
1 ) v ]
A " = -g?\\\\ —.-;,é_
15 (1)3\/ f’I:L % / % 1
) I e
Al TS
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Reduction of masses and forces
Example 1

SRS

(4
AEP ST,

T:%(1m+11+15)wi+%([2+13+15)m§+%(14+1d+15)m§+%£v2
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Reduction of masses and forces

Example 1 &_i
o, N
W3
®, L
D
V—?(JO?,
W,
” A-A
o
4y
71
.

(4
AEP ST,

T:l(1m+11+15)wi+%([2+13+15)m§+%(14+1d+15)m§+%%v2
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Reduction of masses and forces

Example 1 w, . .
Wl_l - Wyr=—Wy
W5 : ..
EM W, GB =1h- 03=W,1,=0 1,

i

(D

I-F\‘ x./--ll T :;/ ﬂ' ? A-A

1, 5 V1 1 _

ORI o6
\‘*’3 :’4 / / / :

Al L A AT

/
X/
T:l(1m+11+15)wi+%([2+13+15)m§+%(14+1d+15)m§+%£v2

g
\—a ] C w2
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Reduction of masses and forces

Example 1
EM W, GB
s 11 1!'\
YT VAR
1 /‘*’)';ﬁa
T /T oAl
L ) vy ]
F— . = g?\\\\ _-74__
I
i (F/f”]-:t % %
3 ]d/

IJ_.--""

(4
A AL TS

2
T é1m+11+15)@@12+13+15)@§@14+1d+15@i§i§ %%%@iiiﬁ
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Reduction of masses and forces

Example 1 W, .
D @, i~ W=
(03 . . . .
EM W, GB @, 127 W3=Walh=W 141,
T I
/j? = 1 ) L - D D
B = T V__(D?)_ (1)11112
Im "11 \/ I5 2 2
1 /(1))"/’13 1 W
IS/ T ‘_/ = ]_1 T f Al //
: 2
= == = 7? 7
w o / /
3 Id/

(4
A AL TS
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Reduction of masses and forces

Q)
Example 1 oo_i:iﬁ 0,=0, i,
W; . ..
EM . W, GB @, 127 W3=Walh=W 141,
S T l r\:\ V_B(D_D(Dll
Im "il \J ]5 2 3 2 181°%2
1 /(-1)\';/13 1 W,
T L/--i2 T . Al .
s \I7 %
W, pre / 1
- I P’Eu
Al LSS AL A LA L

reduced moment of inertia

2
‘ IR:Im+Il+IS+(Iz+13+IS)ii+(I4+Id+IS)iii§+§%if1’§
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Reduction of masses and forces

Example 1
M
W,  GB
,/\ C1N |
T h o T

D,
i
£

|

AN
o4

1
|

iR
xsaéplx\w

Mp- oy (P

zak, on foreduc;i al purposes 63
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Reduction of masses and forces
Example 1

I-l_.-d"'

(B
C A A TA LI LTS

N=M,w,- M;w;- Pv
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Reduction of masses and forces
Example 1
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Reduction of masses and forces
Example 1

P

e
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Reduction of masses and forces
Example 1

P

p=(5 SOk +T" = qs\\,pL*/‘-’\(j = G (s‘»,\d +/W5°§

~
G oo\
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Reduction of masses and forces
Example 1

P

N/ e\,

[ a
P=T+Gsina=uN+Gsinoa=uGcoso+Gsino
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Reduction of masses and forces
Example 1

M
EM w
O\

1
IT T

e /U% -:/’13 e (L)3
T~ 4 T oAl
1 ) v ]
> S o) = é—\\\\ —%-
IE/ J f’Iq % / ?’
. Id Pfu
Pout T

LN :@m%G coso+Gsin
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Reduction of masses and forces

Example 1
M
EM W,  GB
& Il f\
)T h T
i /u% 24| ..
IE_/ T K./ 11 T o Al -
1 ) v ]
S o) - %\\\\ __-72
I \JKI4 % / % 1 Q
. L; Pfu
Al T T
D

N=M,w,- M,w,ii,- (WGcosa+Gsin oc)Eu)liliz
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Reduction of masses and forces
Example 1

i

ll
g
- /\ "/3.— w3

W,
T |~ s T Al
ol g
IR
. 1/
W Al el

"D
N = [ M 1,1, (WG cosa+Gsina )= 5 1112]w1

\/‘ \‘/
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Reduction of masses and forces

Example 1
M
EM W,  GB

& 11 f\

Tk T
e /(-U% -"/13 i w3

T~ 4 T oAl

1 ) v ]
+ 5 rHII
15 Jf]:t % % :

o Id/ I_l--""'

(1
Al TS
reduced torque

M =M, M i, i,- (uGcosoc+Gsinoc)§lli2
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Reduction of masses and forces
Example 1

Reduced torque

&:gi‘ (Mfi1i2+(uGcosoc+Gsinoc)giliZ)
wIo/ —
1({\,(9)& Qo N = B&o (WL

\/\\/—J

@y&)\\\\e’
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Reduction of masses and forces
Example 1

Reduced torque

. .. : D ..
M.,=M, - (Mle12+(MGcosoc+Gsmoc);1112
@J\JQJ\ . J

driving torque M R M
(electric motor torque) passive torque M,
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Reduction of masses and forces
Example 1

Reduced torque

M.=M, - (Mfil1’2+(MGcosoc+Gsinoc)gili2

\ ,

driving torque M R M
(electric motor torque) passive torque M,

My = My- M, = (A- Bw,)- M,
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Reduction of masses and forces
Example 1
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Reduction of masses and forces
Example 1

Start-up process

/\ZWR(t)
©) R —
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Reduction of masses and forces
Example 1

Start-up process

/\ZWR(t)
©) R —
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Reduction of masses and forces

Example 1
Ftart-up process
non-homogeneous
A,M;,B, I, - constants 1st order ODE

— with const. coef.

general solution  particular solution initial condition

Do, Om\ = (D) ) 00

[ . _&_qt e o oudivhe T
Wbt Lo Fe wyft=0)=0

o
C*)/\EC\/ B (4‘6‘%«£
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Reduction of masses and forces
Example 1

Start-up process

dw, B A- M non-homogeneous
7 1+I 0= -~ A,M,,B,I, - constants 1st order ODE
L R R with const. coef.

general solution  particular solution initial condition
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Reduction of masses and forces
Example 1

Start-up process

dw, B A- M non-homogeneous
7 1+I 0= -~ A,M,,B,I, - constants 1st order ODE
L R R with const. coef.

general solution  particular solution initial condition

B
-t
wlg(t):Ee : w,,(t)=F w, (t=0)=0
P
A-M Ry
w, (t)= 5 (1— e )
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Reduction of masses and forces
Example 1

Start-up process

A-M mpL
w, (t) B E\l-e ' )
(/\)VW\§>(
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Reduction of masses and forces
Example 1

Start-up process

__/4,-_A4i)( ";Bt) il

001(t)

l-e °°F
B

steady state value (maximum) , :A_ Mp
max B
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Reduction of masses and forces
Example 1

Start-up process

A- M _ B, w, (t)
(0= A Moy 0 —

max B

START-UP TIME

(95% of maximum value)
—~—
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Reduction of masses and forces
Example 1

Start-up process

W ()= :
(=" .
steady state value (maximum) , :A_ Mp
max B
START-UP TIME A-M, A-M, ( - Iﬁt)
(95% of maximum value) 0,95 B — B 1-e
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Reduction of masses and forces
Example 1

Start-up process

A- M -Iﬁt electric motor
(D1(t): B Pll-e = angular velocity
v

D .. . .
v(t): ll (D1(t) ii, box linear velocity
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